Integration, volume, DE selected questions

Questions

1.

(i) Findjsin Bcos’ 0 déa. [2]

(ii) The diagram below shows the curve defined by the parametric equations
x=sind+6, y=sinfcosl,
for0<O<m.

A J

\/x

Find the exact area of the region bounded by the curve, the tangent at P and the line

The curve has a maximum point at P.

X=T. [5]
9.
(a) (i) Find the values of @, b and ¢ such that x:(ax+b)(x+l)+c(x2 +2x+2) for all real
values of x. [2]
(ii) Hence find a dx [4]
(x+1)(x*+2x+2)
(b) (i) By using a graphical approach, solve 2x++/x+5 > 0. [1]

(ii) Given that f2|2x +x+ 5‘ dx = px/g + %q (\E - 1) for some real values of p and ¢, find
the values of p and g. [3]
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2.
(a) Find J.sin2xsin3x dx. [3]
c
(b) (i) FinclJ.(ln.:c)2 dx . Hence find the exact value of I (In x)zdx ) [4]
1
The equation of a curve C is given by y =e". The line / with the equation y =ex is
tangential to C at the point (1, e) . The region R is bounded by the curve C, the line /
and the y-axis.
(ii)  Find the exact value of the volume of revolution when R is rotated 27 radians
about the y-axis. [3]
3.
2tan @

(a) (i) Show that tan26 = using the addition formula from the List of Formulae (MF26).

i

1-tan~ &

(1]

1
2 -
(ii) By using the substitution x =tan @, or otherwise, find the exact value of f tan™’ [l & q ) dx.
0 -x"

[5]
2+ x|
] 2+x

1
(b)  Find the exact value of J. [4]

4. Scientists are researching on the spread of a communicable disease in a particular town. The town
has a population of 5,750 people. A scientist proposes that the rate of growth of the infected
population, x, at time 7 days after the initial outbreak, 1s proportional to the product of the infected
population and the non-infected population. It is noted that there are 750 infected people at the initial
outbreak and it is increasing at a rate of 500 people per day.

By setting up and solving a differential equation, show that x = LSOP , where p and ¢
3+20e ¢
are positive integers to be determined. [8]
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On Island B, he found that the annual natural growth rate of the population of the
squirrel 1s 50. However, due to the industrial activities taking place on the island,

the squirrels are dying at a rate proportional to number of squirrels present at time

I
(i) It is known that the population will remain constant when there are 5000

squirrels. Find the differential equation relating d—n and n. [3]
I

(i) It is given that there are 2000 squirrels initially on Island B. Find » in terms of
t. [3]

(iii) Explain what will eventually happen to the population of squirrels on Island
B. [1]

6.

A zoologist has been studying the change in the population of a certain species of
squirrel of size n at time ¢ years in each of the 2 islands 4 and B.

(a) In Island A4, he found that the population of the squirrel can be modelled by the
differential equation

dn
e" +te” o 4t, wheret>1.
t

(i)  Using the substitution y = 2re” , show that the differential equation can be

dy : . .
reduced to d—) = kt , where £ is a positive constant to be determined.  [2]
t

(ii) It 1s given that when 7 =1, there are no squirrels on Island 4. Sketch the
solution curve that shows how the population of squirrels on Island 4
changes with respect to time 7 in the context of the question. [4]
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Answers

1. (i)

n+l
_[sim? (cos0)*da, {use If‘*(lg)[f(e)];:dg _ [f(0)] }

+C
n+1

- j (—sin@)(cos@)*dx, let f(@)=cosh, f'(8)=-sind

= —%(cas 0) +C, where C 1s an arbitrary constant.

1. (ii)

FSgp
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Area of required 1‘egi0n=‘[f=zl ;r[l— jdr
1=E+E 2
1 1 T X=1
==|T=|—=+—=| |- 1 zydx
2( (ﬁ 4D L=E+E
3 ] o=z .
=|——-———|—| ssinfcosf(cosd+1)dda
(8 2\/5J L’=z ( )
=EE__l——JkgﬁnHmm29+mn9am9d€
8 242 o=
3 O=r 7 O=r
3z 1 (cosé‘)‘ (coséa')
8 22 3 x 2 .
0= 0=
4 4
3z 1 1[ 1} 1[ 1}
= |l — |+~ 1—=
8 242 3 02| 21 2
1 V2
8 12 3

9(a)
(i)

x=(ax+iﬂ(x+l)+c(xl+2x+2)

=(a+c)x’ +(a+b+2c)x+(b+2c)
Comparing coefficients,
a + ¢ =0
a + b + 2¢ = 1
b + 2¢ = 0
Solving, we have a=1,b=2,c=-1.

Alternative
Sub x=—1,—l=0+c(l—2+2):>c=—l

Compare coeff x°: a+c=0=a-1=0=>a=1
Compare coeffx: a+b+2c=1=1+b-2=1=b=2
sa=1.b=2,c=-1
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(ii) x
J(xﬂ)(x2 +2x+2) &
ﬁ(x+2)(x+1)—(x2 +2x+2)
(x+1)(x2 +2x+2)

x+2 1
= | = - dx
J x +2x+2 x+1

e

e

x+1 1 1

- + — — dx
J x"+2x+2 (x+1)*+1 x+1

=1J' 24Dy I
2) x +2x+2 (x+1/}z;&§7 x+1

R
= In ((x +1) +‘I) aﬁ(xftﬂfnh-k l[+c

2. (a)

Isiansin 3x dx = —l —=2sin2xsin3x dx

1 T
= —5 cosSx—cosx dx

= —l{lsiHSx—sinx}+ C
245

= —isin5x+lsinx+()
10 2
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2. (b)(i)

I (Inx)* dx

=xﬂniﬁ—2xmx+2x+C

; =P 1
St i

=e—2
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2. (b) (ii)
Volume of revolution

(2] araf im0y

o\ye
3 c
7|y
=—|—| —7mle=2
32{3}0 ( )
|
=§ﬂ'ﬂ—?’r(ﬂ—2)

|
=§;rre—;fre+2:fr

2
=2r ——ne
3

ek
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3.
(a)(i) tan(6'+6')= tanf+tand  2tand

l—tan@tand 1—tan’@

(ii)

xztané':bgzscczé’

x=0, 6=0andx=1, 9=%

I T
{ta:n 1[ ZXEJ dx=j tan 1(21:3—1129) (seczﬂ)dﬂ
0 l—x 0 I—-tan” &

= J: tan"' (tan 26) (sec’ 6)do

- jzasccz& 46

== ‘gtanﬂ]; - {:Ztanﬁ do

é 2 (g] -2 [ln sec 6‘];

=§—2111\/§

=% 2
2

dx +
9 24 x 9 24+x 0 24X

] 4 1
=I 1+ dx+jldx
-1 2+x ]

dx

b l 0 Y_ !
(b) I 2+|I|dx_I 2—Xx 2+ x

= [—x +4In|2 +x|]fl + [,x:];
=4In2




Integration, volume, DE selected questions



Integration, volume, DE selected questions

4.

& = kx(5750 — x), where k is a positive constant

When x =750, E=Si:l'.']',

dt
500 =k(750)(5750—-750)

L 1 x(5750-x)
7500

Ry

1 dx 1

x(5750—x) dr 7500

[ de= [ o—ar
1(5?50—1) 7500
—1 l+ ! dx = L dt
57507 x 5750-=x 7500
ln|x|—ln|5?50—xl=@r+c
7500

2
—t+c

‘ X
5750 —-x

KIAGH=¢

ExamPaper 4

= Ae'*
When 1=0, x=750, 20 — 4 = A=—>
5000 20
17250
)

3 +2{Ile_ﬁr
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SR | 7 _ oo g .
& - II

Since 4:'-'--0 m-=m.o-m-m;
,;,c‘:"

" -
k=001

- =50-001In

dr

SOl | & 1
de S0-00In

'.Iﬂl Otlln

R

In |SO00 - nf < <0 01 - r'
8000 -n = Ac " where 4 = 2™
m = S000 - 4

\|||I

When 1 =0, n=2000: 4= 3000
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6.
(aki) y= 2"

G 5 W
dfh'htll

2" *M'E--Il

%zlr.whenl=l_

«KIASU*—

ExamPaper ¢

Since y=2c", 26" =4 +C.

Sixe n=0 when =1, wehave 2=4+C>>(C=-2.

Hence
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