Functions 2020

1. [IJC Prelims 17]

The function f is given by f:x — 3 +

forz e R, x > 2.
r—2

(a) Find f~!(z) and state the domain of f~1.

(b) Explain why the composite function f? exists.

(c) Find the value of x for which f?(z) = z. Explain why this value of z satisfies
the equation f(x) = f~(z).

. [TPJC Prelims 17 (modified)]
The function f is defined by

fixw (x—k)? 2 <kwhere k > 5.
(a) Find f~!(z) and state the domain of f~1.

v
A

1 I.'—g[:.m':l

The diagram shows the curve with equation y = ¢g(x) with domain D, = [—2,2]. The
curve crosses the z-axis at + = -2, x = —1,2 = 1 and x = 2 and has turning points
at (—1.5,—1), (0,4) and (1.5, —1).

(b) Explain why the composite function fg exists.

(c) Find, in terms of k,
i. the value of fg(—1),
ii. the range of fg.

. [TJC Prelims 18]
The function f is defined by f: x> (2% —4)? — 24,2 € R.

(a) Sketch the graph of y = f(z), indicating clearly all intercepts and stationary
points.

(b) Explain why f~! does not exist.
(¢) The functions f; and fy are defined by

fiior (27 —4)* 24,0 € R,z < F,

fiizr (2*—4)2 24,2 € R,z >k,
where k is a real number. State the range of values of k for which f; ! exists
and f, ' does not exist.

(d) Using the largest possible value of k found in (c), find f; ' in a similar form.
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4. The functions f and g are defined by

frox—a®+2z—3 for x e R,z < b,
3+ 2
g:x+— x+3, for x € R, x # 3.
(a) Determine, with reason, whether f~! exists when
i bh=—2
ii. b=2.

(b) For the value of b in (a) such that f~! exists,

i. solve f(z) = f~'(x) exactly.

ii. define f~!, stating clearly its domain.
(c) Determine, with reason, whether ¢f exists when b = 0.
(d) Find an expression for g~ (z).

Hence determine
i. g*(x).
i, g217(g).

5. [CJC Prelims 18]

The function f is defined by
fraxw a®+4x -5, forx <k, k eR.

(a) Find the largest exact value of k such that f~! exists. For this value of k, define
f~!in a similar form.

The function g is defined by

. 4 — 22, for0 <o <2
LT
g 2 — 4, for2<ax <4

and that g(z) = g(z + 4) for all real values of x.
(b) Sketch the graph of y = g(x) for —1 <z < 7.

(c) Using the results in part (a) and (b), explain why the composite function f~'g
exists and find the exact value of f~'g(6).
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6. [SRJC Prelims 18]
(a) The function f is defined by

frxma®—2x—28, reR x>k

i. State the least value of k such that f~! exists and find f~! in a similar form.
ii. Using the value of k found in (i), state the set of values of = such that
[T @) = [~ ().
(b) The functions g and h are defined by

g:x—Vr+41l +a, x> —41,a € R,
h:xw— 2?4 10z — 16, reRx< 7.

i. Find the exact value of x for which h=!(z) = h(z).
ii. Explain clearly why the composite function gh exists.

iii. Find gh in the form bx + ¢, where B is a real constant and c is in terms of
a. Explain your answers clearly.

iv. State the exact range of gh in terms of a.

7. [ACJC Prelims 17 (modified)]
The function f is defined by

1 3
f:x|—>sin(x+l—l>7r—sin(x—z)7r, reRa<xr<1.
The function ¢ is defined by
2x 13
g:x———, xeRzx>—.
1—2 D

(a) Express f(r) as a single trigonometric function in the form
beos(x — ¢)m. Hence state the range of f and sketch the curve when a = —1,
labelling the exact coordinates of the points where the curve crosses the z- and

Y- axes.
(b) State the least value of a such that f~! exists, and define f~! in similar form.
(¢) When a = —%, show that fg exists. Find the range of fg.

8. [AJC 17 Prelims|
(a) The function f is defined by

xT

f:xr—>e for z € R.

e —
Sketch the graph of y = f(z) and state the range of f.
(b) Another function h is defined by

—1)2 <
h:x»—>{<x 1) +1 for x <1

1—% forl <x <4

Sketch the graph of y = h(z) for z < 4 and explain why the composite function
f'h exists. Hence find the exact value of (f~'h)~1(3).
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9. [DHS Prelims 17 (modified)]

(a) Express sinx +v/3cosz as Rsin(x + a), where R > 0 and « is an acute angle.

The function f is defined by

f:x»—>sinx+\/§cosx, reR, ——=<z<

m
3 S
(b) Sketch the graph of y = f(z).

(¢) Find f~!(z), stating the domain of f~!'. On the same diagram as in part (b),
sketch the graph of y = f~!(z), indicating the equation of the line of symmetry.

(d) ** Using integration, find the area of the region bounded by the graph of f~!
and the axes.

The function ¢ is defined by

g:xe|In(z+2)], forrxeR z>-2

(e) Show that the composite function gf~! exists, and find the range of gf 1.

10. [NJC Prelims 13]
The function f is defined by

Cr —

f:xr—>dx_i, forxGR,:p%g,

where ¢ and d are fixed constants and ¢ > d > 0.

(a) Sketch the graph of y = f(x), indicating the axial intercepts and the equations
of any asymptotes.

(b) Find f~!(z) and f?(z), stating clearly their domains. Hence, state the range of
12

(c) On the same diagram in (a), sketch the graph of y = f?(z). Label your graph
clearly.

(d) State the value of f2013(1).
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Answers

i k2.
i [(4— k)2 (1 + k).

1. (a) fY o) =2+ 15,z €R,z>3.
(c) x =3.62.
2. (a) fHYa)=—=vr+k Dy =(0,00).
(b) Ry, =[—1,4] C (=00, k) = Dy since k > 5. Hence fg exists.
)

3. (b) The line y = 0 cuts the graph of y = f(x) more than once. Hence f is not
one-one and f~! does not exist.

(c) k<=2
d) fitrz—s —Vad+Vr+24,2eR x> —24.

4. (a) 1. Yes. All horizontal lines y = k,k € R cuts the curve y = f(x) at most
once. Hence f is a one-one function and f~! exists.

ii. No. The horizontal line y = 0 cuts the curve y = f(z) more than once.
Hence f is not a one-one function and f~! does not exist.
(b) 1 A
i. flia— -1—-Vr+4,zeRz> -3
(¢) Ry =(=3,00) £ Dy = (-00,3) U (3,00).
(d) g7 (=) =27

z—3 °

5. (a) fliax— —2—+x2+9, foraxz>-9.
(c) [0,4] =Ry C Dy-1 = [—9,00).
f~19(6) = 5.
6. (a) i. Leastk=1.
fflia—=14+vVr+9,2€eR x> 9.
i (1,00).
(b) ; 9 V145

1. —2 — M=29

i (237,00) = Ry C D, = [—41, c0).
. —r+a— 9.
iv. (a+2,00).
7. (a) b=2,c=1.
Ry =1[-2,2], (=1,0),(3,0), (0, v2).
(b) a=1,f iz teos T E4+ 1 e [—V2,2

(¢) Rpg =[-2,V2).
8. 1—+e?+e.
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9. (a) 2sin(x + %)
(¢) fHz)=—F +sin""(%). Dy = Ry =[0,2]
(d) 1.
(e) Ryp-1 =1[0,0.926].
10 () 7240) = 24 D = o UG )
) £,00).
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