St Andrew’s Junior College
2019 Final Examinations
H2 Mathematics (9758) Solutions

y=|3x+2|

_“0
3

1

!
2

. . : . 1 9
Using G.C., the X-coordinates of the intersections are 3 and i
From the diagram,

Loy,
2 4

3X+2|27|1—X| when
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tan”' X+1

X* t=y
Applying In on both sides,

ln(xt"“_1 X ) =In ( y*H )

(tan'l X)lnX:(X+l)1ny ————— (*)
Differentiate (*) with respect to X,
-1

1nX2 S X :lny+(x+1)lﬂ
I1+Xx X y dx
X = l,ltanql — y2
= y =21 (Rejecty = —1 since y>0)
0+tan‘11:0+2ﬂ

dx

dy_7

dx 8

The gradient of the curve at X =1 is % (exact answer is required)
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331)

Let u, and S, be the nth term and sum of the first n terms of the
sequence respectively.

3n*—n 3(n=1) —=(n-1
,thenS = (n-1) )

Given S, =
2

un:Sn_Sn—l

“3n*-n | 3(n=1)"=(n-1)
2 2
_3n2—n—3(n—1)2+(n—1)

- 2

3n2—n—3(n2—2n+1)+(n—1)
N 2
~3n*-n-3n*+6n-3+n-1

- 2

_6n-4

2

=3n-2
u —u

n n-1

=(3n-2)-[3(n-1)-2]

=(3n-2)-(3n-3-2)

=3n-2-3n+3+2

=3

Since U, —U,_,=3 is a constant independent of n, the sequence is
an arithmetic progression.
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3(i) | o
> +r
=1\ Uiy —U;
n 23r—2
= Y
n 23r n
= )T
r=1 (22 X 6) ;
n r n
=>» —+—(l+n
;2 2( )
1 &, n(ne+)
=—>» 8+
242 2
1|8(8"=1)| n(n+1)
T 24 8 1 2
+1
L 8n ) )
21
4 (1) | (2a+b)+(3a—5b)
= 6asa—Sbeb +3bea—10a<b
= 6[a]" —5|b|" —7asb
=6(4%)-5(1") - 7(0)
=91
4 : a+3b
(i) By Ratio theorem, ¢ = 1
? i |b><c| is the area of the parallelogram with OB and OC as two
il

adjacent sides.
Or: |b X c| is the shortest distance from the point C to the line passing
through O and B.

‘bxc|:

bx(a+3bj
4
=%|(b><a)+3(b><b)‘
1
:Z|(b><a)+3(0)|
= l|b><a|
4
= L1p||a]sin90°
4

1
=@ =1
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5(1)

y
A
—d . X
0
—lna\
y =1(x)
X=-a

Since any/every horizontal line y =k, k € Rintersects the graph of

y =f(X) at exactly one point, hence f is one-to-one and ' exists.

(i)

y=f"() \ y= £ (x)
i~:,:z » X
: zhnha
_____________________ F —— y=-—a
(~a,~a) y=1(x)
x =I—a

6
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5
(iii) y
A
y = g(x)
0,a)
q
» X
1 (o)
D, =(O,oo)—g>Rg =[O,oo)—f>ng =(—o0,—Ina]

5 f'g(x)=e"-a

V)1 1900 = f(e —a)
g(X)=—In(e” —a+a)
g(X)=Ine’ =3
(x—+ay =3
x=va+3

I<a<3
l<\/5£\/§
~Ja-B3<0

Since X € Df_lg =(0,), x:J5+J§

7
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(@)

Since x=-4 is an asymptote,

= b=4
2 1-4(a—-4
y=X+—aX+1:X_|_(a_4)+¥
X+4 X+4
Oblique asymptote: y=X+a—-4=X—-6
Comparing,
a-4=-6
a=-2
2
Hence’ y:ﬂ:x_6+£
X+4 X+4

Alternatively (for the value of @)

Since y = X—06is an asymptote,

A (x=6)(x+4)+A x> -2x-24+A
X+4 X+4 X+4

y=X—6+

. X =2x=24+A . X +ax+l
Comparing with ———,
X+4 X+4

We have a=-2 and

24+A=1
A=25
2_
Thus y:ﬂzx_6+£
X+4 X+4

8
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A
|
(i1) | y
B X' =2x+1 :
x+4 :
|
|
: y=x-6
|
I - -
| ==
I -
I =
: X
P
|
|
|
|
|
|
|
|
|
!
6 Let C’: Reflection about the X — axis
(i11)

1
2

A’: Translation of 3 units in the positive X direction

B’: Scaling parallel to the X — axis by a scale factor of

9
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X2 =2x+1

T x+4
4 C "replacey by —y
X =2x+1
T x+4

{ B" replace x by éz 2X

2
C(2%)7 —2(2x) +1
T 20)+4
_4xP—4x+1
 2x+4
4 A" replace X by x—3
_4(x=3)"—4(x=3)+1
T 2(x=3)+4
Therefore equation of C, is
4(x-3)" —4x+13  —4x* +28x—49
 2x-2 T x-22

y:

10
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Q7

nth Amount in the account at the start of the | Amount in the account at the end of
month | month the month
1 20000 20000(1.0035)
2 20000(1.0035)—1500 [20000(1.0035)—1500](1.0035)
=20000(1.0035)" ~1500(1.0035)
3 20000(1.0035)" ~1500(1.0035)~1500 | 20000(1.0035)’ ~1500(1.0035)’
~1500(1.0035)
4 20000(1.0035) ~1500(1.0035)’ 20000(1.0035)" ~1500(1.0035)’
~1500(1.0035)—1500 ~1500(1.0035)" ~1500(1.0035)
n 20000(1.0035)"" ~1500(1.0035)"" 20000(1.0035)" ~1500(1.0035)""
~1500(1.0035)"" ... ~1500(1.0035)""
~1500(1.0035) - 1500 ~1500(1.0035)" —...
~1500(1.0035)
7 At the end of the nth month,
(Cont’d)

=20000(1.0035)" —1500(1.0035)[(

20000(1.0035)" ~1500(1.0035)"" ~1500(1.0035)"" —...~1500(1.0035)
=20000(1.0035)" ~1500[ (1.0035)"" +...+1.0035 |

=20000(1.0035)" ~1500] 1.0035 +..+(1.0035)"" |

1.0035)"" —1
1.0035—1

—20000(1:6035)”~(430071.4286)| (1.0035)"" -1

11
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If Clarence cannot draw another $1500 in the following month,
20000(1.0035)n —(430071.4286) [(1.0035)n_1 —1} <1500

Using GC,
n 20000(1.0035)" ~(430071.4286)| (1.0035)"" ~1|
13 2514.6 > 1500
14 1018.1 < 1500
15 -483.6 < 1500

Hence, Clarence’s last draw of $ 1500 is on the 14" month, and hence
draw a maximum of 13 months from the bank account.

The maximum number of draws = 13.

12

www.KiasuExamPaper.com
298




8(i) x

2

(9,[In3]")

1
(550)

v

Asymptote: t=0,X=0

Intercept: y=0,t=1=X :%

(i)

dx_3t° . dy_2In(t)
d 3 ot t

dy_dy 1

dx dt dx
dt

21In(t)

Att=p, 21000
p
Equation of the tangent of C at point p :

y—[in(p)} =2ln—(3p)[x_|°_3J

p 3

y—[lnp]é :[%m p}x—%ln p

y:(éln p]x+[ln p]2 —%ln P

(iii)

Equation of the tangent of C at pointt =p :

y:(éln pjx+[ln p]2 —gln p

At p=e,

13
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y:(%lnejx+[lne]z—§lne

e
2l
e 3

When the tangent cuts the axis at X — axis,
y=0

X=-——
6

When the tangent cuts the axis at y — axis,

1
X=0=>y=—
y 3
e3
The coordinates of Q is [—E,OJ .

. . 1
The coordinates of R is (0,5).

(iv) - 1{e (1
Area of triangle OQR=—| — || =
216 \3

63 )
=— units
36

14
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o) sin(r + %)9 —sin(r — %)9

1 1 1 1 1 1
= 20051[2r¢9]sinl[9]
- 2 2

=2cosrésin % € (shown)

9 (i)

1

2
sin(n+1j€—sin9
= 2 2

2sin€

15
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(iii)

c0s 20 +cos40 +cos 60 +...+cos2nd

n
= z cos2ré
r=1

sin (n + ;] 26 1
=—— =~ (Replace 8 with 26 in (ii))
. 20 2
2sin 7

_ sin(2n+1)6 1

2sin @ 2

cos@+cos30 +cos50 +...+cos9760 +cos 990
=c0s@+cos28+cos38+...+cos1000

—(cos26+cos46+cos 60 +...+cos1000)
100 50

= Zcos rt9—Zcos2r9
r=1

r=1

. I
_sm(100+2j0 1 {sin(lOOH)@ 1}

2sing 2 2sin@ 2
2
sin 201 0
B 2 sin(101)0
rsin? 2sin @
2

5111[2201 6?) sin @ —sin (lOIH)sinz

2sin Qsin 0
2

16
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10 -1
@ [l,:re|2 (=22
2
Since F is the foot of perpendicular of P on [1,,
3 -1
e ir=| 2 [+4{2 |, 1eR.
1 2
Since F lies on the line,
3-4
OF = —2+24 , forsome 1 eR
1424
Since F lies on [1,,
3-4 -1
—2+24 (o] 2 |=22
1+24 2
—(3-A)+2(2+22)+2(1+22)=22
91 =27

1+6 7

(ii) | Direction vectors to plane [], are
3 5

-3 | and | -1

2 -2

17
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To find the normal of the plane [1,:
3 5
-3 |x| -1
2 -2

6—(-2)

| —(=6-10)

_3—(=15)

8

=| 16

12

-1)\(2
2 | 4
2 )3

JED? (22 + 2222 + (4 +(3)°
4
29
_ 429

29

sinf =

18
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(iii) | Let N be the midpoint of FG.
By ratio theorem, ON = OF +0G

@iv) 2) (3 (2
[[:re4|=|-214|=6-8+3=1
3 1 3
2
Since N lies on [1,, ON<| 4 |=1
3
X 2
l 4+ypl4]=1
2
7+z)\3
2X+4(4+y)+3(7+2)=2
2X+16+4y+21+32=2
2X+4y+32=2-16-21=-35

=~ The cartesian equation describing the set of all points
which G may take is 2x+4y+3z =-35.

The set of all points which G may take is a plane parallel
to I, .

19
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11
(@)

2zr =ad
_a0

r=
27

By Pythagoras Theorem,
h=+a’>-r?

1
Volume of the cup, V = gm’zh

127 (2;;)2
226" a2(47r2—<92)
a 127 2
3
=2 _oar -0 m
247

(i)

@:24—2 20 472'2—924'92[%}
Vs 2\4n= -0

2 | 26(4n° —02)—93}

247° Nart -0’

2 | 6(87*-30?)
247° \/47r2—92

When V is a stationary value, 3—\; =0

6'(8712 —392) =0

=0 ‘or .6 =

(reject since 6>0)

20
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Let the radius of the cup be r m and the height of the cup be h m.




a’ (8’ 47[2_8%2
247\ 3 3

B a’ |ar?

9 3
a’2x

-5 7

_227\3
93B3

=2\/§72'a3 m

27

Maximum V =

(iii)

7

(\/ﬂz 2374’
37 27
_d'0NAr’ -6

24r7°

14
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