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Section A: Pure Mathematics [60 marks]

O

=
A M B

—>

The diagram above (not drawn to scale) shows a triangle AOB with OA=a,

OTB =b and M as the mid-point of AB.

Using a suitable scalar product, show that OM* = ! (OA2 +0B’” + 2a-b) .

4

Hence find AM? + BM*+20M? in terms of OA and OB.
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(b) D

e >
C

With reference to the origin O, the points C and D are such that OC =¢ and

OD=d (see diagram).

@) Interpret |c X d| geometrically. [1]

(ii) Interpret ‘c X a‘ geometrically. [1]

© HCI 2020
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2 The curve C has equation

X =Tx+12
x—1
(i) Without using a calculator, find the exact set of values that y can take. [3]
© HCI 2020 [Turn over
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(ii) Draw a sketch of C, which should include stating the equations of any asymptotes
and the coordinates of the point(s) where the curve crosses the axes. [2]

(iii) By adding a suitable graph on your sketch of C in part (ii), determine the number

of real roots of the equation

2x* —14x° +24x> +x-1=0 . [2]

© HCI 2020
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3 The functions f and g are defined by

f: Xl—)l—ﬁ, xeR,
e’ T+1

3
g:X|—>—2, x<1.
X+

(i) Explain why the composite function fg exists and find the range of fg.

© HCI 2020
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(i) Let o, feR. Prove thatif f(a)=f(8) and a# S then a+p=2.

© HCI 2020
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(iii) Ifthe domain of fis restricted to X <k, state the greatest value of k for which

the function f' exists. [1]
(iv) Using the domain in part (iii), find f™'(X) and state the domain of ™. [3]
© HCI 2020 [Turn over
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4 Do not use a calculator in answering this question.

(a) Show that %-I—%i is a root of the equation 2z° —(3—-5i)z+4—2i=0. Hence, or

otherwise, find the other root of the equation in the form a+bi, where a,beR.

[3]

. 3 3
(b) The complex number W is given by ———+—1.
V2 2

(i) Find the modulus and principal argument of w. 2]
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11

(ii) By expressing W" the form re'’, where r>0, neZand -7 <0<r,

n n

show that Wn _3n can be expressed as k tansﬁTn, where Kk is a complex
w" +
number to be found. [4]
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12

2w" w" —3"

(iii) State the value of -

(iv) Hence find the first three positive integer values of n for which

purely real.

wh+3" w3
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13
A zoologist has been studying the change in the population of a certain species of
squirrel of size n at time t years in each of the 2 islands A and B.

(a) In Island A, he found that the population of the squirrel can be modelled by the
differential equation

n
eh +tend—=4t, wheret >1.

(i) Using the substitution y = 2te", show that the differential equation can be

reduced to a_ kt , where K is a positive constant to be determined.  [2]

© HCI 2020 [Turn over
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(ii)

14

It is given that when t =1, there are no squirrels on Island A. Sketch the
solution curve that shows how the population of squirrels on Island A
changes with respect to time t in the context of the question. [4]
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(b) On Island B, he found that the annual natural growth rate of the population of the

© HCI 2020

squirrel is 50. However, due to the industrial activities taking place on the island,

the squirrels are dying at a rate proportional to number of squirrels present at time

t.
(@

It is known that the population will remain constant when there are 5000

squirrels. Find the differential equation relating ((11—? and n.
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(ii) It is given that there are 2000 squirrels initially on Island B. Find n in terms of
t. (3]

(iii) Explain what will eventually happen to the population of squirrels on Island

B. [1]
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6 Lety=¢™ 1n(1+3x). Show that (1+3x)(y+%)=3e‘x.
X

By further differentiation of the above result, find the Maclaurin series for y, up

to and including the term in X
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18

(ii) Using expansions from the List of Formulae (MF 26), find a series expansion for

© HCI 2020

y in ascending powers of X, up to and including the term in X’. Denote this series
expansion by m. Comment on the relationship between first three terms of m and
the first three terms of the Maclaurin series found in part (i). State a set of values

of X for which m converges to Y.
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19

2
(iii) Use your answer in part (i), find an approximate value for J-O e ln(1+3x) dx.

Explain why the approximation is not good. [2]

(iv) Use your answer in part (i), deduce the Maclaurin series for ¢*™ 1n(1—3x) in

ascending powers of X up to and including the term in X’. [2]

© HCI 2020 [Turn over
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Section B: Statistics [40 marks]

7  Aspart of MOE’s precautionary measures to prevent the spread of Covid-19 in schools,
students are required to record their temperatures daily. Students with a temperature of
38°C or above will be sent home. The temperatures of the C1 and C2 students in a
particular school are normally distributed with means and standard deviations as shown
in the table below.

mean (in "C) standard deviation (in "C)
C1 students 36.5 o,
C2 students 36.6 o,

(i) The probability of a randomly chosen C1 student having a temperature within
0.6°C from 36.5 15 0.683. Show that &, = 0.6, correct to 1 decimal place.  [2]

Use o, = 0.6 for the rest of the question.

It is also given that the probability of a randomly chosen C1 student having a
higher temperature than a randomly chosen C2 student is 0.449. Find o, , correct

to 1 decimal place. State one assumption you have made during your calculations.

[3]
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Use the value of o, correct to 1 decimal place from part (i) for the rest of the question.

(ii) A Cl1 and a C2 student came to school late and were told to take their temperatures
at the gate. Given that exactly one of them was sent home, find the probability
that it was the C1 student who was sent home. [3]

© HCI 2020 [Turn over
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(iii)
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Any students who forgot to bring his or her thermometer would be sent to the
reception to take his or her temperature. The thermometer at the reception could
only read temperatures in Fahrenheit ("F). State the distribution of a randomly
chosen C2 student’s temperature in Fahrenheit. State the parameter(s) of the
distribution that you use. Use this distribution to find the probability that a
randomly chosen C2 student sent to the reception has a temperature of more than

100°F. [ Fahrenheit = %x Celsius +32 ] [2]
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From historical data, the temperatures of randomly chosen staff working in the school

follow an unknown distribution with mean £°C and standard deviation 1.5°C.

(iv) Find the probability of drawing a random sample of 50 staff whose mean
temperature differs from the true mean by more than 0.5°C [3]

© HCI 2020 [Turn over
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8 A bag contains 9 numbered balls of identical size. Four of the balls are numbered 3,
three of the balls are numbered 4 and two of the balls are numbered 5. In a game, three
balls are drawn from the bag at random, without replacement. The random variable S
is the sum of the numbers on the three balls drawn.

(i) Show that P(S=12)= z—i and find the probability distribution of S. [4]

© HCI 2020
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25

(ii) Show that the probability where the sum of the numbers on the three balls drawn

is a multiple of 3 is given by % . [1]

In a particular game, a player wins $a if the sum of the numbers on the three balls
drawn is a multiple of 3, and nothing otherwise. Let X denote the amount of money won

by the player in dollars.
(iii) Given that E(X)=1.45, show that a =4.2 and hence find Var(X). [3]
© HCI 2020 [Turn over
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(iv) The player plays the game k times. Let Y denote the number of times the player
wins out of k. Find the largest value of k such that the probability that the player
wins at least 10 out of k times is less than half. [3]

(v) Suppose the player plays the game 30 times. Find the number of times the player
is most likely to win. [2]

© HCI 2020
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9 A group of 8 people are going to watch a movie on a Saturday afternoon. The group
consists of 2 single women, 1 single man, 2 married couples and a boy who is the son
of a particular married couple.

(i) Find the number of ways in which the group can be seated in a row where at least

2 males are seated together. [2]

(ii) Find the number of ways in which the group can be seated in a row where the boy

must be seated between his parents and the other married couple is seated together.

2]
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28

(iii) Find the number of ways in which the group can be seated in a row where the

males and females alternate and the family of three are seated together. [3]

Each of the married couple drives a 5-seater car. After the movie, the group decided
to go for dinner together at a restaurant which is a 15-minute drive from the cinema.

(iv) Given the married couples are to take their own cars and the boy must follow his
parents, find the number of ways where the remaining 3 people in the group can

follow the cars to the restaurant. [2]

© HCI 2020
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At the restaurant, the group is given a round table with 10 identical seats.

(v) Find the probability where the family of three must be seated together. [2]

(vi) Given that the family of three must be seated together, find the probability where
the 2 single women are separated. [3]

[End of Paper]
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!i-!nmi Salution Commenis
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Commenily

Since the other factor 1s (12 -(2 - &i))

Therefore the other root 1 | = 3

w= a:_;‘_;a ;]EI . Wlies in the second quadrant
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Commenty
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1| i

vald forall r¢ R
whule the the senes

expansaon for

11jFage
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Suggested Solution

Cammienis

hll-!_‘jrl.

B @-!thlq-
vald when

-l<ixs]

Note that set notation is
roguired m the guestion

i)

Ve (14 30) dx

-JTiIJ; ¥ 4 |5|'Jd.t
t-ll

| 11 iy -
Since [0,2] < [*—ii]l le. range of validity) of the series
ﬂpwmuitunﬂbclpncdwm:

_r=1t-$f+l5,r'

vy=¢"In{l+3z)

ExamPaper &
0 i 2 i 4

As shown in the above diagram, the area below both curves will
be dilferent when the limits of mtegmtion mages fromOw 2.
Hence it will not be 2 good approximation.

Using the first three
terms of the series

cxpansion of

e "In(l+dx), the
approxumme

[le {1+ 2x)ds
could be obiained either
by integration or
through the use of GC.
Some students forgot to
mitcgrate the senes

CX pansion.

The senies expansion 1%
valid for values of

11
.'I.'u[-i.;] . Studenis
are required to explain
that |0,2] does not lie
within the runge of

approsumations would

be wallid

Altcrnatively, a clearly
labefled graph could be
nagCxoili wy
the approximation s
Some students e the)
GC 10 compare the
actual area of ;

[ e mn(1+3x)ds

IX|Fage
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Suggrsted Solutien Comments
6lv) | f{x)=c""In{l-3x) ® |t is wrong to replace x
with |- x
. &  Students should first
::ie Iu{l*![—:]]l <<Replace r with -x>> cxpress ¢ s
e )[e’
W 1527 152 I I! ]
.-_,1_', " + ... <<Using the resull in part (1> flz)=¢"Inil - 1x)
£ € f{a)=e'[e Inil-151]
fa)=e'[e' "iaftes-s))]
N Let X and ¥ be Use temperatures of randomly chosen Cl and C2 |»  Students are required Lo
students respegtively (in"C ). define the random
variables clearly and
X ~N(365.0") and ¥=N(366,0]) state the required

P(|¥ -36.5|<0.6)=0683
P{359s X' s 37 1)=06R3
Method 1: (Using GC)

——\ ¥ =068

y=P(3s9s 510y

L
1

a, =0.599%6151=0.6{] dp) (shown)

Mrethod 1: (Standardise and wsing InvNorm)

P[H‘ -3 E] = D681

ul a’

r[-ﬂg Zs E} 0,68
g, n T i

UIIIR'II\'NBI'III. - %E-—- 1 bow =06{to 1dp)

2T Al

probabdity. For the
rexquired probability, do
nelr the Incquality
sigm because of the
word “within™
Thereafter they arc
required to provide a
skctch of the graphs of
y=P(359<C <3T1)
and ¥ = 0.683 and use
the GC 1w obtan the
point of intcrsechion so
> 1o obtan full eredi.
Alcrmalively, students
could solve by
seandandising the
random vanablc and
usc myvnorm B solve
for o,

1B|Page
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Solution

Method 1: (Using GC)
MX>F)=PX —l‘:-_l‘.ﬂ:l‘.l.m

I

X=Y=N(-01,086+a,)

a, =0, ms&gfwuu J.ﬂ

Method 2: :Wﬂ 1my Norm)
449

(X-r-(00) 0-{-0 1) .
r[ 3= A ﬁr;: &

_‘u__.

| o

J‘ ol J-qn-l-'lﬁ

Z< ?T'—:].-ﬁ.!il
[ RS

LT
611-5‘

a,“-( *”9 -8
KlAal=;

ExamPaper ¢

The temperature of any mndomly chosen C1 student and the
temperature of any randomly chosen €2 stwdent  we
independent of cach other

wsing InvNorm, “012K19(wSxr) & o

=P(X-F>0)
=P{¥-X<0)

. xi_Tn.Lnn‘ +u,’].
F-xX-=N(oLos «a’)
For haoth cascs, the
variance is the same bul
carg has to be taken
when keying in the
standard deviation mto
G ss

\E.ﬁ: e X w06 X

Sumilar algehrac
manipulatien ermor such

as
‘JE.G’ N o+ X i
also made for some of
those who solve the
question by
standardising the

tandom vanahle

Cioemmon mistake for

ssumpuion: X and Y

are nogmally
distributed, This.is
wrong because  is:
already a conditon
given in the m

MjPage
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Seppevted Solution Commeniy
T(H) P| Cl student sent home | oaly 1 1s sent home | »  Swudents are 1o note that
P{C! student sent home ~ C2 student not sent home ) Il'i:}'l:l'tI'EqLIIl‘l.'Fllﬂ
= compule a condilional
Plonly | & sent home probability
i} P(X 23R0NY <380) e P{oaly | is scnt bome)
P(X2380~Y <380)4 P(X <380AY 2350 meant either *C1 sent
. PN 2380)=P(Y <380) home and C2 remaned
CPIX Z3R0)sP() < 380)+P(X < 3K0)=P(Y z 3K0) in school™ ar CJ sent
00061938129 home and C1 oemumied
- — in school™ | therefore it
00061938129 + 0.0025393237 i+ an addition of two
=079 {10 3sf) cvents.
NE) | Let F be the tamperaturg of a mndomly chosen C2 student ( F). |*  For those who did not
score for this pan
F=2y.32- N(97.88.0.81) mainly made erroes in
s computing the varunce
for the new random
P(F >100) = 0.00925 (10 }a.L) variable
N vum-[%] Var(Y)
s Nole that varinnce ol a
constanl 18 rero.
ie. Var{12)=0
Tiv) | Let ¥ be the sample mesn temperature of 30 randamnly chasen [ When quoting use of

staff. Smce & = 50 is lnrge, by Central Limit Theorem,

W - H{m%] spprozimately.

P(JF - 4| >05)

=P(Z > 2357022604 + P(Z < -2.357022604)

iV

ww(o2)

Cenlral Limil Theorem
o approximale the
distribution ol Sample
Mean Temperature,
students are required 1o
statc ehearly the words
in bald

Maost students solve the
question by
standardising the
random vanable while
& handful also consider
the distribution of

" 50

WW|Page
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Soppesicd Solution Commenis

=0 0184220923 Students should nole
the following;

=N0I84(3sM) Pll2] = &),

wherr b oo prmstre comsii
s k) Pk

Fﬂtt-“,
where i i o8 pueiitneg cosmim]
‘“' -!F{-l-f'-‘l
And Z - N{0,1)
L] When Heting out all the outcomes, do i1 systemancally: Mos: studenis could
, prove hist oul the
lllAl]]H_hhinemﬂlﬂﬁﬂ' posathle oulcomes to
¥iti=9 get 5= 12 anid obiain
§+d+d =2 25
5+549=15 tbc-w-:rﬁ A
(b) Only 2 balls have the same pumber handful of students

I+l {dor Si= 0@ 1]

4+4{dorSi=1Toeld

5450 (Jordi= 130w 14
i) All 3 balls different oumbers

3445 =12
P(5= |z]_'_‘|":_'._"‘+:f_‘:=g

on (s =12)-( iggn:e]{%,%,l]:%m]
“"“‘f'_.':"’**"%*%-%—z

mPaper,

O, 14

Or Fts—lﬂ]—i:ﬁanilj_—
9 8 7 14

solved by direct
probability but fal o
consider the
permutabion of the
oulcame [1.4.5)

Several students dud mist
venify that

2 P(S=35)=1and
eod upwith an
incorrect probability
distnbartion wble duc 10
MO CTTOs in
calcuiations.

W|Page

www.KiasuExamPaper.com
111




0 3 M2 Methamatic Black Sektions with Cormmania

9 %

Horrs=1y={2.2.2.3].( 2. 2.4, ]-E
orPLs=11)= 1] [ ox3|=>

l9 & 7

‘' C, " "{_‘I “C, 5

Segprted Solution Commenis
lf-. !:Ei -l{a - l('q 2
F SZ II = ‘1 La / ] =
($=11)= 4=t e b =3
[ 9 10 i 12 13 14
CCETY R RN R I R
21 14 7 LE 42 24

P(5=i3)= . L==
[ !u" tﬂ .Cr 42
j 22 2.1 4 5
P{5=1 et et Tx—w— =
Or P(S 3!7{ ‘-I'TFJ (q' '3] T
p(s-14)- G2 &
C, 28
Or p|5=]4|=5.l.1.3=L
9 B 7 28
'8(H) | Required probability = P(5 = 9)+ P(§= 12)
L BB
21 M M
By i) E(X)=0P[X =0)+uP(X =a) # Muost studenis are ahle
29 W prove that o = 4.2
=I.‘.I+Eu=|.'l$ & Some studenis assumed
a=d] thiut X' i a binomial
mndom vanable Ths
— . 2 t$ not corroet | The
v"[.*?-ﬁtf‘_’ }[thll‘ outcomes of X'is 0 or
I*[U'N F=0)+432 -(1.45) 4.2, while the outcomes
.._;-a";‘-t( Ei'] pas - A1 idependent tnal of
" bmomually distribused
RVisOand | )
s A munority of students
rounded off 19475 1o

199 39875 15 an exnct
value nol o be rounded
off. Mon-exact valies

W |Fage
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Sugprited Sobution Commenis
that should be rounded
oll include rational
numbers or numbers
with recurmng
decimals,
Biv) y-8l& 2 = The intention of ihe
T question 1s (o use the
GC binocdr function 1o
JB(FEI0)<05 solve the inequality
|-P{¥.s9)<0$ e
s Some students ook the
F(¥£9)=05 complement wronghy,
_ meluding ¥ = 10 m the
Using G.C, complement and
' therefore attmnmg an
A ) P(F=9) EITONEOUS answer.
27 053711
24 048196
Therefore, largest value of | = 27,
&{v) r B{_'-l-ﬂ E] &  The most common
‘W mustake studenis make
upon atempting this
Using G.C, question 15 Lo find the
y MY =) menn and rmounding 1o
2 the nearest intejger
0.13649 ®  Take note that the
10 D.1515H8 -
Il 0.14531 iigebrcr cif gamor ey
' . hikely o win®™ i
relemring 1o the mode of
Since P(F =10) has the hughest probability, the player is most the distnbution, 1e. V=
hikely to win 10 ot of the 30 games. ) 'lih 'h: bighcat
i) Method | : By Complentent —, *  The opposite of "a
Number 6f Way's withoat fe 8! lcast 2 males together®
Number of ways in which all the 4 males are scparated t5 "all males arc
- [5]:.”.4! i
4
Number of ways m whach at least 2 males are seated together in | Methed 1 ks shorter and
5 Is preferred.
arow = §! - [4]14!:1? = 37440
IW|Fage
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Salution Comments
Method 2 : By Listing = Be sure o list out all
cascs if using this
E B8 o
- e  Some students who
r &ur= used Method 2
F N ,_ﬁMﬂlﬂhllmﬂF]E conwidered 2 males
& |8 ot for the 2 Males in a group together, bt did not
& {1 take o account that
e !,y.hﬂmmgnﬂmzmh the other 2 males can
be either separate or
[ 4 topether.
Huﬂ’!*m* 5:{ Jn-l-h-l‘ ﬂlit[:)tlh; . un
i F N '
'|. ]
Case 2 . _:'_'
L__.E.-g':lm M_mﬂ
{;] wnyﬂnﬂuﬂtﬁ:‘Mﬂ' mﬂumim
Number of ways = [ Jnm-zﬂﬁn )
F 4 r,_,\
Case 3: \ LL ';...“* 4
hMlhmim ] @ - *':,*: :
§ slows for the IMales 1 & group F N
4 slots for the other Male ’ J
Number of ways = $xdx 4% 41=11520 "'F ) |
. ___,.gr;
Case 4 : All 4 Males in 2 group y 9
Number of ways = Sx 4% 4!= 2880 v P
i E . uer the family of
K #a’ngr‘iq}ﬂnra
I § w_i. €7
per / " "““{""*Mn
,51 £ 30 w28 Siems=9%'. | )"
e . mnmam;‘ilmu -
=480 mmmm
in 2! ways. Likewise
fo the other couple.
19|Prage
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Suggrurd Solutien Comments
i) Since male and female
¥ alternate, the mother
musl be between her
e A 1 husband and her son
Now there are b cases
W W FvoB| W where males and
EE .E females alicmate.
— = o Within cach casc, the
4 ENFERR s Wibin cach cse.
— ™ arranjied in 2' ways, the
» E@@ other 3 women i 1!
e ways, and the other 2
6) MW Emon| Wi W] wich in 2! sy
Required number of wayss6x=3! =2! =2!= |44
Wiv) Car A: FMoB XX Either 3 people, 2
Car B; CCX.X.X people or | pemon can
Case 1: All three go into Car B. go into the same car as
Casc 2 Exactly two of the singles go'inte Car B. the couple. So there are
Case 3 Exactly one of the singles'ocs wio Car B, 3 cases 1o consider
Requured number of ways
=]+ }{'3 + 3{]
=7
Nv) | Method I 1+ Foniidicr ihe family of

B people with 2 empty scals ——
Required numberof wayy O

312 b "
AT apPel 4 X

BT x X
10(2')

- |l'- (or 0.0833)

© 3 | e No. ol

wmys o arrange 6 iloms
and ' copty seats =

Hl
B2
The famly of 3 can bo
arranged among
themselves i 1! waye

No. of ways o smange
8§ people and 2 empty

M|Page
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Suggested Solution Commenhy
scals with no
iothe = 10!
resine 2
Method I:
Let the boy st down lirl,
Case 1: Father sits nexl to the boy
F{ﬁih:-rum!luhuﬂu%
P oty ilmﬂhl'.llurlhny]-%
Case 2: Father is not nexd 1o the boy
3
Pifather 1s | scal away from boy) = i
P{muother 18 berween father & boy) - 1
Pi{family is together) = :E-LI--—
9% %8 12
W) It 5 grven that the
m__' farmuly of 3 must be
. scated together So this
.O 15 a condibonal
O X prubability. Some
' - studenis did not realise
¥, " this and only found P(2
s 4 single women separaie
and [pmuly of 3
WI: _ tagether).
P( 2 single women scparated|family logether )
_ P(2 single women separated ~ family together )
-"[fm"." together) Considerthe Bifnily.of
£ p— Yo | Memu Tgnosimg
:.1! (’-.:2! y = the 2 single women:no,
BomPiner 4 of ways o arrange the |
B | r"' famuly, the otherd,
[-n} peoplc and 2 cmpty
5 _ 6=y,
=3 (or0.714) D TR
There arc 6 slots 1o slot
in the 7 single women.
No. of ways jo slol in
A|rage
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No. of ways of arranging the 3-othcr peopic and 2 empliy seais =
5
] .
Slot in the 2 single women in *C: 2! waye
Pi2 single women scparate | family logethen)
i

Sugprsted Solutioa Comments
the 2 single women =
oy 221,

o Then we divide this by
the no. of ways where
the famuly of 3 are
together.

Mirthad 2 (complemientntion):
P{2 smglc women separated|famuly together )
=1= P(2single women together|family together|

Th 2% 3!
=)-—Ix2i

i
=1

B{2')
Mrthod 3 (reducrd sample sEace);
Let the farmuly of 3 sit wopether firnd

Methad 4:
Let the family of 3 il together firsl.
Caae 12 The 18t single woman s next to the family

Hlum#wmnhnulmfmﬂyﬁé

F{anlingkwmilwfmmhlmi-%
P2 single women separale | lamuly ogether)

2 54 5§

— e = e
6 T T

aAjrage
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