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Without using a calculator, solve the inequality

2 1
e ,
7x—-1 3x-4
giving your answer in exact form.
Hence, solve ——=2 21 . [4]
7x"—1 3x" -4
Find the equations of tangents to the curve y* +x* = It that are parallel to the x-axis. [6]
Referred to the origin O, the points B and C have position vectors b and ¢ respectively such that
b=ci—j+k and c¢=2i-qj+ 4k, where a is a constant.
(i) Find (b +¢) x (b —c¢) in terms of a. [2]

(ii)  Given that the i- and k-components of the answer to part (i) are equal, find the possible values of the

area of triangle OBC. [4]

A curve is defined by the parametric equations

t t
x= , y=—-=,where teR, t#-1, 1.
14177 1-¢°

(i) Show that the tangent to the curve at any point with parameter ¢ has equation

3 3
(1—#) y=(1+t2) x—48. [4]
. . 1 .
(ii) Find the gradient of the tangent to the curve at ¢ = E . Hence determine the acute angle between

this tangent and the line y=x+3. [3]

0.3)

(-2,0) O (2,0)

{ 2
The diagram above shows a part of an ellipse with equation y =f(x)=3,/1- ;—2 .

1 . . .
(i)  Sketch the graphof y=f (Ex - lj —1, labelling the coordinates of the points where the curve crosses

the axes, end points and any stationary points. [4]

www KiasuExamPa
WA KIasSUEXEmMEa

NYJC 2020 JC2 Common Test 1 8/01



1

f[lx—lj—l
2

coordinates of the point(s) where the curve crosses the axes and the equations of any asymptotes and

(ii) On a separate diagram, sketch the graph of y=g(x) where g(x)= , labelling the

stationary point(s). [3]
(iii) Write down the solution set for f(x) > g(x). [1]

6 (a) (i) Show that tan26 = % using the addition formula from the List of Formulae (MF26).

I-tan” @

[1]
: 2x
(ii) By using the substitution x =tan @, or otherwise, find the exact value of J tan™" (1 5 ) dx.
0 —X
[3]
. P2+ |x|
(b) Find the exact value of dx . [4]
1 2+ x
. r+1
7 Given that f(r)= 31—_] where 7> 0, show that

f(r)—f(r+1):2rr”. 1]
Use the above result to find §+ 312 + 3% +.t % , giving your answer in the form 4 — Bn+C , Where

A, B and C are constants to be determined.

- 2r—1 . e
Hence find Z in terms of n, justifying your answer. [9]
r=n+1
‘ x° ar
8 (i) By using the substitution x =asiné, show J l-— dx= ik [3]
a
0
. . . . X y? Xy
(ii)  The finite region, R, in the first quadrant is bounded by the curve —-+<—-=1 and the line —+ 5 =1,
a a
where a >b>0. Find the exact value of the area of R. [3]
22
(iii) By writing down the equation of the resulting curve when —2-|—y—2 =1 is translated b units in the
a

direction of the negative y-axis, show that the volume of the region R when it is rotated through 27

2
Y (32-8). [4]

radians about the line y =5 is given by
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9 Do not use a calculator in answering this question.

(@) The complex numbers u and v are given by 1+ i3 and —k —ik respectively, where £ is a positive

7

u* <

real number. Find % in the form re'?, where r is a positive constant in terms of £ and
v

—-r<O0<r. [5]

(b) (i) The roots of the equation z*—~9-40i=0 are z; and z>. Find z and z» in cartesian form x + iy,

showing your working. [4]

(ii) Hence find in cartesian form the roots wi and w» of the equation W +5w+4-10i=0. [3]

2
10  The motion of a particle is described by the differential equation %—4%+4x= e”, where x is the
t t

displacement of the particle in metres along the x-axis with respect to origin O at time ¢ seconds. By using

o . . . d’
the substitution x =wue* , show that this differential equation may be reduced to the form d—?: a , where a
t
is a constant to be determined.
Hence, find the displacement of the particle at time ¢ if the particle moves off from the initial point x = 1
with a velocity of 1m/s. [7]

After some time, the particle is returned to its initial point and set into a new motion along the x-axis. The
. C ) ) ) . dv . . .
motion of the particle is described by the differential equation @ =2¢", where v is the velocity of the
t

particle in metres per second at time ¢ seconds after it starts on this new motion. If the particle is at rest just

before it begins this new motion, find an expression for ¢ in terms of v.

Show that 2x =3 +¢"(v—1), where x is the horizontal displacement of the particle in metres. [6]

11 A team of engineers is drawing a three-dimensional blueprint to plan the installation of underground water
pipes to connect water sources to different locations in a new town. Coordinates (x, y, z) are defined relative
to the operations office at (0, 0, 0), where units are metres. Water pipes are installed in straight lines and
the thickness of the pipes can be neglected.

A water source is located at S (2, 3, —1) and the engineers plan to install a pipe from S to a location

A (8,5, -2) in the town. Another water source is located at T (S,a,—%j and the engineers plan to install

another pipe from this source passing through a site at C (5, 6, —2).
(i)  Given that the two pipes will connect, show thata = 11. [4]
The engineers also want to find a new location at B in the town to install additional water pipes to connect

the water sources to it.
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5

(ii) To connect the water source from S to B, the engineers need to extend a new pipe from 4 to B such
that the pipes connecting S, 4 and B lie in a straight line and the length of the pipe from S to 4 is
twice that of the length from 4 to B. Find the coordinates of B. 2]
(iii) To connect the water source from 7 to B, an inexperienced engineer proposed to install a pipe from
T to C and a pipe from C to B. However, the chief engineer discovers that 7, C and B lie directly
beneath a layer of rocks and it is very difficult to drill through it to lay the pipes. Assuming that the

layer of rocks is part of a plane with negligible thickness, find the cartesian equation of this plane.
(3]
(iv) The chief engineer finally decides to install a pipe to connect 7 to the existing pipe from S to B such

that the length of the pipe from T to this existing pipe is the shortest. Show that the coordinates of

the point of connection of the two pipes are (%,%,—%) and find the length of this pipe. [5]
BLANK PAGE
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2

Section A: Pure Mathematics [35 marks]|

1 (a) Giventhat y= [cosf1 (3x)]2 .

2 2
()  Show that (1—9;8)(%) =36y and (1—9x2)jx—f—9x(%j:18. [3]

(ii) By further differentiation, find the Maclaurin series for y in terms of 7, up to and including

the term in x°. [3]

(b) Using the standard series of sinx from the List of Formulae (MF26), find the exact value of
2r+1
sl
_\4) 2]
2r+1!
r=l1

2 The function f is defined by

ae’™ forO<x<a,
f:x—>4]1
—x—a)z—a for a < x<2a.
a
(i) Define £~!in similar form. [4]
(ii)  Sketch the graph of y=f"" (x) , indicating clearly the axial intercepts. (2]

(iii) The function g is defined by

g:x—>Inx  forx>0.

Determine if gf ~exists. [2]

3 The diagram below shows a city map of two towns, 4 and B separated by a river. A bridge is to be built
between the two towns, which are on opposite sides of a straight river of uniform width » km, and the two
towns are p km apart measured along the riverbank. Town 4 is 1 km from the riverbank, and Town B is
b km away from riverbank. A bridge is to be built perpendicular to the riverbank at a distance of x km from
Town B, measured along the riverbank, allowing traffic to flow between the two towns.

., Town 4
. i 1 km

e 0

bridge 7 km river

H xkm

’
7’
7
’
7

’
7
v
’
’

b km:I J

7

TownBe — pkm —»
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3

Find the distance x, in terms of b and p, such that the distance of travel between Town A4 and Town B can

be minimised if »>1. (It is not necessary to verify that the distance is minimum.) [9]

(a)  An arithmetic progression has first term a and non-zero common difference . Given that the 6th
term is 37 and the sum of the first 10 terms is twice the 22nd term of the sequence, find the values of

o and f. (4]

(b) The first three terms of a sequence of complex numbers are a + ivb , (az —ab ) + i(a b+a* ) and

—2a*\b + i(2a3) , where a and b are real numbers.

Prove that these three terms form a geometric progression.

It is given that a geometric progression has a+ivb , (az—ax/l;)ﬂ(a b+a2) and

—2a*\Jb + i(2a3 ) as its first three terms, where a =1 and »=3. Find the sum of first eight terms

in this geometric progression, giving your answer exactly. [6]

Section B: Probability and Statistics [35 marks]
A bag contains 5 black cards and 3 white cards, which are indistinguishable apart from colour. In a game,
a player draws 2 cards at random, without replacement, from the bag. If the cards are of a different colour,
three fair coins are tossed and the score is equal to the number of heads obtained. If the cards are of the
same colour, two fair coins are tossed and the score is equal to twice the number of heads obtained. The
score is denoted by X.
97

(i)  Show that P(X=2) = Bt (2]
The probability distribution for X is given below:
X 0 1 2 3 4
P(X =x) AL el 7 15 B
224 224 224 224 112

(i) If Xis odd, the player loses $3. Otherwise, he wins $x. Find his expected winnings. [3]

(iii) IfX; and X; are two independent observations of X, find P(X; — X, >3|.X, is even). [2]

In this question you should state clearly all the distributions that you use, together with the values of
the appropriate parameters.

To spray paint a car in a car-servicing workshop, one coat of paint 4, two coats of paint B and three coats
of paint C are used. The quantity of each type of paint used per coat follows a normal distribution. The

following table gives the means and standard deviations of these quantities measured in litres.
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Mean Standard deviation
Each coat of paint 4 2.0 0.29
Each coat of paint B 1.8 0.21
Each coat of paint C 1.0 0.12

Assuming that the quantities of paint used for each coat are independent, calculate the

(i) least value of @ such that the probability that the total amount of paint received by a car differs from
its mean by not more than « litres exceeds 0.9. [4]

(i) probability that the cost of spray-painting a car exceeds $2000 if the cost per litre of paint 4, B and
C are $350, $200 and $150 respectively. [3]

7 During Orientation 2020, a game is played by arranging cards. There are 20 cards, consisting of 4 suits of

5 coloured cards: Red, Orange, Yellow, Green and Blue. The suits are Nova, Yvex, Juno and Cleo.

The 20 cards are arranged in a row.

(i) In how many different ways can the 20 cards be arranged so that the 5 cards of each suit are next to
each other? 2]

(ii) In how many different ways can the cards be arranged so that all 4 Red cards are next to each other,
all 5 Juno cards are next to each other and all 5 Cleo cards are next to each other? [3]

The cards are now arranged in a circle.

(iii) Find the probability that no two Yvex cards are next to each other. [4]

8 In a large shipment of surgical masks, it is known that, on average, a proportion p of the masks is faulty.
The masks are sold in boxes of 200. The number of faulty surgical masks in a randomly chosen box is the
random variable X.

(i)  State, in context of the question, two assumptions needed to model X by a binomial distribution. [2]

You are now given that X can be modelled by a binomial distribution.

(ii) Given that the probability of a box containing not more than two faulty surgical masks box is 0.9,
find p. [2]

(iii) As part of a quality control process, surgical masks are selected from a randomly chosen box for
inspection. Find the probability that the 180th surgical mask is the 3rd surgical mask that is
faulty. [2]

Each week, a distributor sends in four shipments each containing 50 boxes of surgical masks.

(iv) A box will be rejected if it contains more than two faulty surgical masks. Find the probability that,
in a shipment, more than seven boxes are rejected. [3]

(v)  For each shipment, the distributor will have to pay a compensation of $1250 if at least eight boxes
are rejected. Find the probability that the distributor has to pay a compensation of less than

$3000. [3]
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