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Unsupported answers from a graphing calculator are allowed unless a question specifically states otherwise.

Where unsupported answers from a graphing calculator are not allowed in a question, you are required to
present the mathematical steps using mathematical notations and not calculator commands.

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.




1  The function f is defined by

f:x— —L-—, xeR, x#1, x#0.
1 -x

4
(i) Show that f2(x) = f~' (x). (4]

1
(ii) Find f*(x) in simplified form. [1]

2 The curve C has equation X’y + xy* + 54 = 0. Without using a calculator, find the coordinates of the

point on C at which the gradient is —1, showing that there is only one such point. [6]

3 (i) Given that a x b = 0, what can be deduced about the vectors a and b? [2]
(i) Find a unit vector n such that n x (i + 2j — 2k) = 0. [2]

(iii) Find the cosine of the acute angle between i + 2j — 2k and the Z-axis. [1]

@4

<

VAR

The diagram shows the curve y = f(x). The curve crosses the x-axis at the points A, B and C, and
has a maximum turning point at D where it crosses the v-axis. The coordinates of A, B, C and D are
(=a, 0), (b, 0), (c, 0) and (0, d) respectively, where a, b, ¢ and d are positive constants.

(i) Sketch the curve y* = f(x), stating, in terms of a, b, ¢ and d, the coordinates of any turning points
and of the points where the curve crosses the x-axis. [4]

(ii) What can be said about the tangents to the curve y* = f(x) at the points where it crosses the
x-axis? [1]

§ Itisgiventhatz =1 + 2i.

(i) Without using a calculator, find the values of z* and — in cartesian form x + iy, showing your
.3

working. (4]

(i) The real numbers p and g are such that pz* + % is real. Find, in terms of p, the value of g and
Zz

the value of‘pz2 + 2—% 3]



6

(@) A sequence p,, p,, p,, ... is given by
pr=1 and p, A =4p —Tfornz1.

@ (i) Use the method of mathematical induction to prove that

pn = %(7_‘4!') [5]
(i) Find ) p.. [3]
r=1
(b) The sum, S,, of the first n terms of a sequence Uy, Uy, Uy, ... is given by
Sy=1- .
(n+1)!

(i) Give a reason why the series Zu, converges, and write down the value of the sum to infinity.

[2]

(ii) Find a formula for u, in simplified form. [2]

s

\/(3, -7

It is given that f(x) = x® —3x* — 7. The diagram shows the curve with equation y = f(x) and the line
with equation y = -7, for x 2 0. The curve crosses the positive x-axis at x = &, and the curve and the
line meet where x = 0 and x = B.

(i) Find the value of &, giving your answer correct to 3 decimal places, and find the exact value of .

[2]

a
(ii) Evaluate J f(x) dx, giving your answer correct to 3 decimal places. [2]
B

(iii) Find, in terms of V3, the area of the finite region bounded by the curve and the line, for x > 0.

(3]

(iv) Show that f(x) = f(—x). What can be said about the six roots of the equation f(x) = 0? [4]
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1
It is given that f(x) = ————, where -3 <x < 3.

T V(9-4)
(i) Write down If(x)dx. [1]

(ii) Find the binomial expansion for f(x), up to and including the term in x°. Give the coefficients as
exact fractions in their simplest form. 4]

. . P | .
(iii) Hence, or otherwise, find the first four non-zero terms of the Maclaurin series for sin (%x) Give

the coefficients as exact fractions in their simplest form. [4]

Planes p and g are perpendicular. Plane p has equation x + 2y — 3z = 12. Plane g contains the line /
x-1 y+1 2-3

with equation . The point A on [ has coordinates (1, -1, 3).

] 4
(i) Find a cartesian equation of g. 4]
(ii) Find a vector equation of the line m where p and g meet. 4]

(iii) B is a general point on m. Find an expression for the square of the distance AB. Hence, or o

otherwise, find the coordinates of the point on m which is nearest to A. [5]

The mass, x grams, of a certain substance present in a chemical reaction at time ¢ minutes satisfies the
differential equation

dx
— =k(1 +x-x?),
3 = Kl +x-x)
l . . . ] dx 1
where 0 < x < 5 and k is a constant. Itis given that x = 5 and TR when t = 0.
(i) Show thatk = -%. [1]
(ii) By first expressing 1 +x —x* in completed square form, find ¢ in terms of x. [5]

(iii) Hence find

(a) the exact time taken for the mass of the substance present in the chemical reaction to become
half of its initial value, [1]

(b) the time taken for there to be none of the substance present in the chemical reaction, giving
your answer correct to 3 decimal places. [1]

(iv) Express the solution of the differential equation in the form x = f(r) and sketch the part of the
curve with this equation which is relevant in this context. [5]



11 [Itis given that the volume of a sphere of radius ris 2

3, . ;
37 and that the volume of a circular cone with

base radius r and height 4 is 12r°h.]

A toy manufacturer makes a toy which consists of a hemisphere of radius rcm joined to a circular
cone of base radius » cm and height A cm (see diagram). The manufacturer determines that the length

of the slant edge of the cone must be 4 cm and that the total volume of the toy, V cm?, should be as
large as possible.

(i)

(i)

(iii)

(iv)

Find a formula for V in terms of r. Given that » = r| is the value of r which gives the maximum
value of V, show that r, satisfies the equation 45r* — 768r* + 1024 = 0. [6]

Find the two solutions to the equation in part (i) for which r > 0, giving your answers correct to
3 decimal places. [2]

Show that one of the solutions found in part (ii) does not give a stationary value of V. Hence
write down the value of r, and find the corresponding value of A. [3]

Sketch the graph showing the volume of the toy as the radius of the hemisphere varies. 3]
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Section A: Pure Mathematics [40 marks]

1 A curve C has parametric equations
x=37, y=6t

(i) Find the value of f at the point on C where the tangent has gradient 0.4. 31

C meets the y-axis at the point D. Find the cartesian

(ii) The tangent at the point P (3p®, 6p) on -

equation of the locus of the mid-point of PD as p varies.

2 Using partial fractions, find

9x? +x-13_
o (2x=5)(x" + 9)
Give your answer in the form alnb + ctan~'d. where a, b, ¢ and d are rational numbers to be

9]

determined.

3 In a training exercise, athletes run from a starting point O to and from a series of points, A|, A,,
A,, ..., increasingly far away in a straight line. In the exercise, athletes start at O and run stage 1
from O to A, and back to O, then stage 2 from O to A, and back to O, and so on.

(i

O 4m A; 4m A; 4m A3 4m Ay 4m As 4m Ag 4m Ay 4m Ag
Fig. 1

In Version 1 of the exercise, the distances between adjacent points are all 4 m (see Fig. 1).

(a) Find the distance run by an athlete who completes the first 10 stages of Version 1 of the
exercise. [2]

(b) Write down an expression for the distance run by an athlete who completes n stages of
Version 1. Hence find the least number of stages that the athlete needs to complete to run
at least 5 km. [4]

(ii)

O 4m Ay 4m A 8m Az 16 m Aa
Fig. 2

In Version 2 of the exercise, the distances between the points are such that OA, =4m, A|A, =4 m,
AA; =8mand AA . = 2A, A, (see Fig. 2). Write down an expression for the distance run
by an athlete who completes n stages of Version 2. Hence find the distance from O, and the

direction of travel, of the athlete after he has run exactly 10 km using Version 2. [5]
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4 @ (a) The complex number z satisfies [z + 5 - i| = 4.

@5

(i) On an Argand diagram show the locus of z.

[2]
(ii) The cc?m.plex number z also satisfies |z — 6| = |z + 10 + 4i|. Find exactly the possible values
of z, giving your answers in the form x + iy. [4]

(b) Itis given that w = (¥3) —i.

(i) Wii;hout using a calculator, find an exact expression for w®. Give your answer in the form
re", where r >0and 0 < 6 < 2r. [3]

(ii) Without klsing a calculator, find the three smallest positive whole number values of 7 for

. w
which — is a real number. [4]
w

Section B: Statistics [60 marks]

An internet retailer has compiled a list of 10000 regular customers and wishes to carry out a survey
of customer opinions involving 5% of its customers.

(i) Describe how the marketing manager could choose customers for this survey using systematic
sampling. (2]

(ii) Give one advantage and one disadvantage of systematic sampling in this context. [2]
A team in a particular sport consists of 1 goalkeeper, 4 defenders, 2 midfielders and 4 attackers. A
certain club has 3 goalkeepers, 8 defenders, 5 midfielders and 6 attackers.

(i) How many different teams can be formed by the club? [2]
One of the midfielders in the club is the brother of one of the attackers in the club.
(ii) How many different teams can be formed which include exactly one of the two brothers?  [3]

The two brothers leave the club. The club manager decides that one of the remaining midfielders can
play as either a midfielder or as a defender.

(iii) How many different teams can now be formed by the club? [3]

Yan is carrying out an experiment with a fair 6-sided die and a biased 6-sided die, each numbered
from 1 to 6.

(i) Yan rolls the fair die 10 times. Find the probability that it shows a 6 exactly 3 times. [1]

@ (ii) Yan now rolls the fair die 60 times. Use a suitable approximate distribution, which should be

stated, to find the probability that the die shows a 6 between 5 and 8 times, inclusive. [3]

The probability that the biased die shows a 6 is .

® (iii) Yan rolls the biased die 60 times. Use a suitable approximate distribution, which should be

stated, to find the probability that the biased die shows a 6 between 5 and 8 times, inclusive. [3]



8 (a) Sketch a scatter diagram that might be expected when x and y are relz?ted approxin:ia.telglf 3);
y= px* +t in each of the cases (i) and (ii) below. In each case your diagram sh.o.u] inclu
6 points, approximately equally spaced with respect to .x, and with all x-values positive.

(i) p and ¢ are both positive.

(ii) p is negative and 7 is positive.

[2]

(b) The ages in months (/) and prices in dollars (P) of a random sample of ten used cars of a certain
model are given in the table.

m 11 20 28 36 40 47 58 62 68 75
P | 112800 | 102600 | 76500 | 72000 | 72000 | 69000 | 65 800 57000 | 50600 | 47600

It is thought that the price after m months can be modelled by one of the formulae
P=am+b, P=clnm+d,
where a, b, ¢ and d are constants.

(i) Find, correct to 4 decimal places, the value of the product moment correlation coefficient

between
(A) mand P,
(B) Inm and P.
[2]
(ii) Explain which of P = am + b and P = cInm + d is the better model and find the equation
of a suitable regression line for this model. [3]

(iii) Use the equation of your regression line to estimate the price of a car that is 50 months old.

(1]

®9  The number of minutes that the 0815 bus arrives late at my local bus stop has a normal distribution;
the mean number of minutes the bus is late has been 4.3. A new company takes over the service,
claiming that punctuality will be improved. After the new company takes over, a random sample
of 10 days is taken and the number of minutes that the bus is late is recorded. The sample mean
is ¥ minutes and the sample variance is k? minutes®. A test is to be carried out at the 10% level of
significance to determine whether the mean number of minutes late has been reduced.

(i) State appropriate hypotheses for the test, defining any symbols that you use. [2]

(ii) Given that k> = 3.2, find the set of values of 7 for which the result of the test would be that the
null hypothesis is not rejected. [4]

(iii) Given instead that 7 = 4.0, find the set of values of k* for which the result of the test would be to
reject the null hypothesis. [3]
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10 A game has three sets of ten symbols, and one symbol from each set is randomly chosen to be
displayed on each turn. The symbols are as follows.

Set 1 + + + + X x x (o} o *
Set 2 + + + X le] lo] lo} *
Set 3 + + X b4 X X (o] (o] (o] *

For example, if a + symbol is chosen from set 1, a © symbol is chosen from set 2 and a * symbol is
chosen from set 3, the display would be + O *.

(i) Find the probability that, on one turn,

(a) * % % is displayed, (1]
(b) atleast one * symbol is displayed, [2]
(¢) two X symbols and one + symbol are displayed, in any order. [3]

(if) Given that exactly one of the symbols displayed is *, find the probability that the other two
symbols are + and O. [4]

@11 An art dealer sells both original paintings and prints. (Prints are copies of paintings.) It is to be
assumed that his sales of originals per week can be modelled by the distribution Po(2) and his sales
of prints per week can be modelled by the independent distribution Po(11).

(i) Find the probability that, in a randomly chosen week,
(a) the art dealer sells more than 8 prints, [2]

(b) the art dealer sells a total of fewer than 15 prints and originals combined. [2]
(ii) The probability that the art dealer sells fewer than 3 originals in a period of n weeks is less than
0.01. Express this information as an inequality in n, and hence find the smallest possible integer

value of n. [5]

(iii) Using a suitable approximation, which should be stated, find the probability that the art dealer
sells more than 550 prints in a year (52 weeks). [3]

(iv) Give two reasons in context why the assumptions made at the start of this question may not be
valid. (2]
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