1

The complex numbers z and w satisfy the following equations.
2z+1=|w|
2w—z=4+24i
Find z and w, giving your answers in the form a+1b where a and b are real numbers. [4]

(a) The diagram below shows a sketch of the curve y = for x > 0. Rectangles, each of

X
NIE

. 1
width —, where n e Z", are drawn under the curve for 0<x<1.

n
y
A
= X
V14X
0 l 3 é n-3 n-2 n; 1 : X
”Z‘I: r
Show that the total area of all the rectangles, 4, can be writtenas — ) ——. [3]
n= vV I’l2 + r2
(b) Find the exact value of lim 4. [3]

H—>®0

The points P, O and R have position vectors p, q and r respectively. The points P and Q are
fixed and R varies.

(a) Given that p is non-zero and (r—q)xp =0 , find a linear relationship between p, q and r.

Describe geometrically the set of all possible positions of the point R . [4]
x 2 —4

(b) Giventhatr=|y|,p=|-5|,q=| 1 | and (r—q)~p =0, find a relationship between x, y
z 3 2

and z . Describe geometrically the set of all possible positions of the point R . [4]
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4

It is given that f(x) is a cubic polynomial with real coefficients. The diagram shows the curve with
equation y = f(x).

y
A
y=£(x)
5 > X
(a) What can be said about all the roots of the equation f(x)=0? [2]

Suppose f (x)=2x> —7x” +16x+c, where c is a real number.

(b) Show that ¢ =-15, if the equation f(x)=0 has aroot x =1-2i. [1]
(¢) Without using a calculator, determine the other roots of the equation f(x)=0. [3]
(d) Hence, find the roots of the equation —15w’ +16w* —7w+2=0. [3]

The first four terms of a sequence of numbers are —4, —2, 12 and 38. The sum of the first » terms
of this sequence is denoted by S .

(a) Explain why S, cannot be a quadratic polynomial in 7. [2]

It is given that S is a cubic polynomial.

(b) Find S, interms of n. [3]

(¢) Show that the nth term of the sequence, u, is 6n° —16n+6. [2]
2m

(d) Hence find Y (u,-u,.,) in terms of m . [3]

n=10
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ax* +bx+c

A curve C has equation y e where a, b, ¢ and d are constants. It is given that
x_

two of its asymptotes are y=x+2 and x=1.

(a) State the value of d, and show that a =b=1. [2]

(b) Using differentiation, find the range of values of ¢ such that the graph of C contains two
stationary points. [4]

Use ¢ =14 for the rest of the question.

(¢) Sketch C, showing clearly the equations of asymptotes and the coordinates of the turning
points. [3]

(d) State the maximum number of roots to the equation
2 2
K ()c—S)2 J{Lb;c]-l-c_?)) =k*, where k>0.
x —

Deduce the range of values of k£ for the maximum number of roots to occur. 2]

It is given that
. H{(x—2)2 . 0<x<3,
3x-8 , 3<x<4,
(@) (i Sketch the graph of y =f(x), labelling the coordinates of any turning points and end-
points. Explain why £~ does not exist. [3]
(ii) If the domain of f is restricted to (O, k] , state the largest value of k such that f~'
exists. Hence, for this value of &, find f™'(x) and state the domain of . [3]
(iii) The function g is such that
g:x—>e'+3, x<0.

Find the function fg, giving your answer in similar form. [3]

(b) Itis given further that f(x)=f(x+4).
(i) Evaluate f(25) and f(-8). [2]

(ii) Sketch the graph of y = f(%x —1) for -8 <x<10. 2]
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(a) Use the substitution x = J15sin6 to show that

I\IIS x> dx= —x\/15 x +1—5s1n1(fj ) [5]

The diagram below shows a sketch of the curves C, and C,.

y
A
G,
7
"‘Mf’ﬂ{fff P
Ci
0 T
The curve C, has parametric equations
x=6co0s8, y=2\/§sin6’
for 0<0<2m.
The curve C, has equation
¥’ +y* =15.

Given that P is a point of intersection between C, and C,,
(b) determine the exact coordinates of P. [4]

The region R is bounded by curves C, and C, and the y-axis in the first quadrant.
(¢) Show that the area of R is given by

msin™ (n\/g) —\2n

where m and n are constants to be determined. [6]
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The following diagram shows a plot of land formed by two semicircles joined to a rectangle ABDE .

Point C lies on the arc BD, with ZCBD =6, where 0 <6 <%, and point £ lies on the arc AE,

with LZFAE=6.

As part of a training regime, Nigel runs along the perimeter of the shaded portion ABCDEF as
shown in the diagram.

It is given that AFE is fixed at 27 metres, and AB is twice the length of AE .

(@

(b)

©

()

Show that the perimeter, P metres, of ABCDEF is

P=4r(2+cosf+sinb). [2]
Find the exact value of & which maximises P and hence find the exact maximum distance
that Nigel can run in one round of ABCDEF', giving your answer in terms of 7. [5]

Nigel plans to run one round with maximum distance at a constant speed of 6 metres per
second within 3 minutes. Find the maximum value of r, giving your answer in the form
a+b2 , where a and b are constants to be determined. [2]
To clearly mark out the shape ABCDEF', the management wishes to plant grass within the
shape ABCDEF . It costs $0.15 to plant 1 m® of grass and the management has a budget of
$10000. Using the value of @ found in part (b) and the value of » found in part (c¢), determine,
with justifications, if the management is able to afford to cover the entire shape ABCDEF with
grass. [3]
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A marketing manager of a company wishes to advertise a new product. He has tasked his team to
create an engaging video and upload it on InstaFame social platform. He hopes the video would go
viral on the internet so that the product will sell well.

According to some analysts, a video is considered to have gone viral when it gets at least a total of 5
million views at the end of the seventh day after its initial posting.

The video is uploaded at the start of a particular day and the number of daily views at the end of the
first day is 1196. On each subsequent day, the number of daily views at the end of the day will be
three times that of the previous day.

(a) Find the number of daily views at the end of the third day. 2]
(b) Determine if the video will go viral. 2]

The marketing manager also looks at the number of comments being posted on the InstaFame social
platform. On each subsequent day, the number of daily comments at the end of the day will be 780
more than that of the previous day. It is given that the number of daily comments posted at the end
of the first day is 576.

(c) Find the least number of days for the total number of comments to exceed 100 000. [3]

When the total number of comments reaches 100 000, a software in InstaFame social platform will
be activated to remove the oldest comments at the start of the following day, helping to save
storage space. Upon the activation of the software, w comments will be removed at the start of
each day and the number of comments at the end of the day is 3% more than the number of
comments at the start of the day. The software will remain activated even when the number of
comments drops below 100 000 at any one time.

(d) By taking Day 1 as the day which the software starts removing comments, show that the
number of comments at the end of Day 7 is

n 103W n
(1.03)' M —T[(1.03) -1]
where M is a constant to be determined. [3]
(e) Hence find the range of values of w such that all comments are removed by the end of Day
31. Give your answer correct to the nearest integer. [2]

—END -
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Section A: Pure Mathematics [40 marks]

2 e

Without using a calculator, solve the inequality %};5 <2. [4]
X" —=2x

. oxre2 |x| -5
Hence, solve the inequality ————>2. [3]
X —2|x|
Itis given that y =e " sinx+x—1.
2
(a) Show that jxj; =ke™ cosx, where k is a constant to be determined. 2]

(b) By further differentiation of this result, find the Maclaurin series for y, up to and including

the term in x°. (3]
(¢) By using the result in part (b) and standard series from the List of Formulae (MF26), find the

) e 'sinx+x—1 . . . ) .
expansion of B in ascending powers of x, up to and including the term in x°,
cos2x

giving the coefficients in exact form. [3]

Following the popularity of the action role-playing game, Ginseng Impact, three years ago,
developers have developed a strategy game, Ginseng Impactful. The number of people who
download Ginseng Impactful, P (in thousands), in a particular city, at time ¢ months, can be
modelled by the differential equation

9 _1 pa13-2p).
de 26
There were 2000 people who download Ginseng Impactful when it is launched.
(a) Show that P=$. (6]
9¢ 2 +4
(b) Determine, the time taken, in months, for the number of people who download Ginseng
Impactful to double since the launch. 2]
(¢) Find the number of people that download Ginseng Impactful in the long run. [2]
(d) Hence sketch the graph showing the number of people that download Ginseng Impactful
against time. 2]
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The plane I, and the line / have equations

2
HIZI" 1 =3 and l.x+2:4_y:Z—3
2

-1
respectively.
(a) Find the acute angle between II, and /. 2]
(b) Find the coordinates of the point of intersection between II, and /. [3]
(¢) Find the perpendicular distance from B(10,-4,7) to II,. [3]
The plane II, contains / and is perpendicular to II,.
(d) Find a cartesian equation of II, . [3]

(e) Without using a calculator, find a vector equation of the line which lies in both II, and II, . [2]

Section B: Probability and Statistics [60 marks]

During the Great Singapore Sale, a certain electronics store organises a lucky draw to attract more
customers. The lucky draw is designed as follows:

A circular board is divided into four sectors labelled with numbers 1, 2, 3, 4 and has angles 144°,
108°, 72°, 36° respectively. The board has a spinner pivoted at the centre of the circular board.
When a customer spins the spinner, the spinner comes to rest randomly in one of the four sectors.

Every customer who visits the store is allowed to play one round of the lucky draw. In each round
of the lucky draw, the customer gets to spin the spinner twice.

The score, X, of the customer is
. the sum of the two numbers if the numbers from the two spins are different,
o three times the number if the numbers from the two spins are the same.

A customer wins a prize if the score, X, is more than 6.

(a) Show that P(X =6)=0.15. (2]

(b) Find the probability distribution of X . [3]

(¢) Find the probability that a customer scores less than 10, given that the customer wins a prize.
[3]
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The sales manager of a company that sells air conditioning systems presented the data of average
daily temperature, ¢ (°C) and sales, s (in hundred units) at a meeting.

Average daily 18 | 20| 23 | 26 | 30 | 32 | 33 | 34
temperature, ¢ (°C)
Sales, s 307 | 366 | 497 | 523 | 565 | 580 | 588 | 596
(in hundred units)

(a) Draw a scatter diagram of these data and calculate the value of the product moment
correlation coefficient between s and {. Comment on whether a linear model would be
appropriate, referring both to the scatter diagram and the value of the product moment
correlation coefficient found. [3]

The marketing director proposes that the data should be modelled instead by the regression equation
s=alnt+b,where a and » are constants.

(b) Find the values of a and &4, giving your answers to 3 decimal places. [1]
(c) Calculate the product moment correlation coefficient between s and In¢. [1]
(d) Using parts (a) and (c), explain which is a better model. [1]
(e) Use the model proposed by the marketing director to estimate the number of units sold when

the average daily temperature is 38°C and comment on its reliability. [2]

In a class of 18 students, there are 12 girls and 6 boys. A chairperson, a vice-chairperson and a
secretary are chosen from the 18 students.
(a) Find the number of ways the chairperson, the vice-chairperson and the secretary can be chosen

so that
(i) they are all girls, [1]
(ii) there are at least one girl and at least one boy. [3]

The 18 students sit at random in a circle for a lesson.

Find the probability that

(b) the chairperson, the vice-chairperson and the secretary are all separated from one another, [3]
(c) there are exactly 2 girls sitting between each boy. [3]
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The store manager at CJStore keeps a bin of large number of oranges. It is known that, on average,

p % of the oranges are rotten. The oranges are packed into packets of 10 oranges each. The number

of rotten oranges in each packet is denoted by the random variable X .

(a) State, in context, two assumptions needed for X to be well modelled by a binomial
distribution. [2]

Assume now that X follows a binomial distribution.
(b) Itis giventhat ,=20.
(i) Find the probability that there are at least two rotten oranges in a randomly chosen
packet. [2]
(i) 100 packets of oranges are sold at a profit of $2 per packet. The store offers a discount of
$ a4 for any packet of oranges that contains more than 1 rotten orange. By finding the
expected number of packets of oranges that contains more than 1 rotten orange, find the
range of values of &, correct to 2 decimal places, if the store manager is expecting a net
profit. [3]

(¢) The store manager wants to ensure that 95% of the packets of oranges contain at most one
rotten orange. Write down an equation satistied by p . Hence find the value of p. [3]

In this question, you should state the parameters of any normal distributions you use.

A supermarket sells apples and guavas. The masses, in grams, of the apples and guavas each
follows a normal distribution. The means and standard deviations of the masses of the apples and
guavas are shown in the following table:

Mean (g) Standard deviation (g)
Apples 152 28
Guavas 268 43

Assume that the masses of the apples and guavas are independent of one another.
(a) Three apples are randomly chosen. Find the probability that two of the apples each has mass

less than 140g and one of the apples has mass more than 170g. [3]
(b) Find the probability that the total mass of five randomly chosen apples is less than the total
mass of three randomly chosen guavas. [3]

The supermarket packs apples and guavas into “Family Packs” for sale. A Family Pack contains

three apples and two guavas that are randomly selected.

(¢) The probability that a randomly chosen Family Pack differs from the mean mass of Family
Packs by less than m grams is 95%. Find the value of m. You may assume that the packing

material has negligible mass. [3]
(d) Family Packs are sold at $5 per kg. Find the probability that a randomly chosen Family Pack
costs less than $5.00. [3]

www.KiasuExamPaper.com
121



10 Vesla, an electric vehicle (EV) car manufacturer claims that their EV cars have an average
travelling distance of 650 km on a single charge. A car reviewer on the MeTube online video
sharing platform wants to test if the EV car manufacturer overstated its claim.

The MeTube car reviewer buys a Vesla EV car to conduct his own test drives. He records the
travelling distance on a single charge, x km, on 50 different days over a year. The travelling
distance on a single charge, x km, is summarised below:

Y (x—650)=-34.39 Y (x-650)" =22769.98

(a) Calculate unbiased estimates of the population mean and variance of the travelling distance of
an EV car on a single charge. [2]
(b) State hypotheses that the MeTube reviewer can use to test if Vesla has overstated its claim
about travelling distance on a single charge, defining any symbols you use. Work out the test
statistic in this case, and use it to carry out the test at the 5% level of significance, giving your

conclusion in the context of the question. [5]
(¢) Explain if the MeTube car reviewer needs to apply Central Limit Theorem for the test to be
valid. [2]

Another car reviewer on the TokTik online video sharing platform wants to test if the EV car
manufacturer’s claim is true. He rents a Vesla EV car to conduct his test drives where he records the
travelling distance on a single charge. He records a random sample of 6 test drives and calculates
the mean travelling distance on a single charge.

(d) Explain whether the TokTik car reviewer should use a 1-tail or a 2-tail test. [1]
(e) State two assumptions that allow the TokTik car reviewer to carry out his test. [2]
—END -
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Answer

1 z=6 w=5+121

2 | 2-1

3 |@r=q+4p
(b) 2x—5y+3z=-7

) x=142i, x=1-2i x=~3—
(d) w:l—gi wiii;+zi, W

5 57 5.5
5 () s, —2n 5 :n :
6

(aul) fg,‘xH3(e +3) 8, xeR xﬁO

(bl) £(25)=1 T 3)= 4

(59“;@?‘;%; 4?'(2 +2 ) metres
() 270513542
10 | (a) 10764

(c)Least n=16
(e) w>4991

9758/01/J2PRELIM/2023
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Answer

x<0 or I<x<2 or x>95,;
—S<x<-2or 2<x<5 or -l<x<l, x=0

(a) k=-2
3
(b) —1+2x—x2+%+...

13
(c) —1+2x—-3x +?x3 +...

(b) 2.56 months
(c) 6500

(a) 19.1°

(b) (4,0,5)

() J6 units

(d) x+5y+7z=39
4 4

) r=|0|+ul-5|, uek
5 3

8
(©) 5

(a) r=0.947
(b) a=436.107 ;
(c) r=0.968

(ai) 1320
(aii) 3456

(b11)0<d<320 : -
(c) (1- Ump) +01p(1 001p) -095;3.68

9 | (a)0.0871
(b) 0.674
(c) 153
(d) 0.541
10 | (a) ¥ =649.3122; s = 464

(b) H,: £ =650 and H, : £ <650
=-0.226;, Do not reject H,

test

9758/02/J2PRELIM/2023
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