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1 Differentiate tan_1 ¢ +2
2e*

j with respect to x, leaving your answer in the simplest form

where a,b and c are integers to be determined.

[4]
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(@) | Given that the real root z,=—a , wherea >0 satisfies the equation
Z+a+az+a’ =0,
find the other roots, z, and Zzj, in terms of « . [4]
(b) | Hence solve iw® +aw? —iaw—a? =0 in terms of « . (2]
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In an Argand diagram, the points 4 and B represent the complex numbers 6e'? and 6e'”

. T Vs
respectively, where 0 < a < By and —< <.

(a) | Mark the points 4 and B on an Argand diagram. You are expected to clearly label the
relevant moduli and arguments of the complex numbers represented by the points 4
and B, in terms of o and S. [2]
(b) | Show that ‘661“ —6c”

= psin[ﬁ _aj , where the integers p and ¢ are to be
q

determined. Hence write down, in terms of & and £, the perimeter of the triangle
OAB.

[4]
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(@

. 3
A sequence u,, u,, u,,... is defined by u, =—1 and u, =u,_; 0.5 +7r", where r>2.

n
By considering Z(u, - M,_l) , find an expression for u, in terms of n.

r=2
o o nz(n+1)2
[Tt is given that ) r’ =——
p=] [5]
The divergence test states that for a sequence a,, a,, a,, ... .if lima, =c, where cisanon-
zero constant or lima, does not exist, then the series Za,, diverges.
n—>0 r:l
() | Determine whether Zun diverges, justifying your answer. [2]

n=1

www.KiasuExamPaper.com
112




11

. . .1
[It is given that the volume of a circular cone with base radius  and height /4 is Enrzh N

A frustum of a cone is the portion of the cone which remains after its upper part has been
cut off by a plane parallel to its base.

The diagram below shows a vessel of lava lamp. It can be modelled by two open hollow
frustums with a common base radius » cm. To form this vessel, two congruent open cones
with base radius » cm are cut to create two frustums which are then joined along their
common base. The bottom frustum has a height of 5 cm. The radii of top and bottom
surfaces of the vessel are (»—3) cm and 10 cm respectively.

r—3

10

(a) | Show that the height, in cm, of each of the original cones is T 10" [1]
It is given that »=12.
(b) | Find the volume of the bottom frustum. [2]
The vessel is now mounted on a flat base and mineral oil is poured into the vessel at a rate
of 10 cm® per second.
(¢) | (i) | Find the depth of the mineral oil in the top frustrum when the volume of the

mineral oil in the vessel is 2000 cm® . [3]

(i) | Hence, using differentiation, find the rate of increase of the depth of the mineral
oil at the instant when the volume of the mineral oil in the vessel is 2000 cm”>. [2]
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It is given that In(1+ y) = tan x.

2
(a) | Show that ey d_y(2 tan x + sec? ) [3]
dr®  dx
(b) | By further differentiation of the result in part (a), find the Maclaurin series for y, up
to and including the term in . 3]
(¢) | Hence find an estimate for the value of e. [2]
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2

(a) | (@) |Find j il = dx, using the substitution x =c0s0 where 0<0 < g [5]
2N1—x

(ii) | Find [ xsin™ x dr. 2]

(b) | Find I cosaxsinbx dx, where a and b are real numbers and a #b. [3]
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18

A curve C has parametric equations

x=3+2sect, y=3tanf—1, —%<9<%.

(a) | Find the range of values of x. [2]
(b) | Find a cartesian equation of C. [2]
(¢) | Hence or otherwise, sketch C, stating the coordinates of any vertices and equations

of any asymptotes. [3]
@ | Find the equation of the tangent to C at the point P where 0=p ,

—% <p< % [You do not need to simplify your answer.].

[3]

(i) | Show that the gradient of the tangent at P cannot lie in the interval [—%,%}

as p varies.

[2]
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@

Ay
y=x*+2
2
0 1 2 =x
|
n
The diagram shows part of the graph of y = x*+2 from x=1to x=2. The area
under the curve in this interval may be approximated by the total area of » rectangles,
4, as shown. The width of each rectangle is 1,
n
Given that irQ :Z(n +1)(2n+1), show that 4= E+i+ ! .
o= 6 3 2n 6n
Deduce the exact value of I12(2 + xz) dx, justifying your answer. [6]
(b) Region R is bounded by the curve y=Inx, x=1and y =1In 5.

(i) Find the area of R.

2]

(ii) Find the exact volume of the solid generated when R is rotated through 4 right
angles about the y-axis.

[4]
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10

Glucose is a simple carbohydrate that can be easily absorbed by the body and provides
instant energy. When a patient is dehydrated or unable to take food orally, glucose is given
intravenously to the patient via a glucose drip.

Glucose given intravenously enters the bloodstream at a constant rate of p units per hour. It

is absorbed by the body, leaving the bloodstream, at a rate proportional to the amount of

glucose present in the bloodstream. G denotes the number of units of glucose in the
bloodstream at time ¢ hours after the glucose drip is administered.

(a) | Write down a differential equation relating G and . [1]
(b) | Suppose there are 3 units of glucose in the bloodstream when # = 0 and that the
amount of glucose in the bloodstream remains constant when G =8.
Show that the particular solution of the differential equation in part (a) is
_P
G=8-5¢ ¢ . 6]
(¢) | Sketch the graph of G against 7. [2]
Instead of the glucose drip, a patient who is well enough will get his glucose from the food
he consumes. At the end of each meal, the rate of change in glucose in the bloodstream can
be modelled as (% +sin t) units per hour where 0 <¢ < %ﬂ' .
(d) | Find the time at which the amount of glucose in the bloodstream
(i) increases most rapidly after the meal, (2]
(ii) starts to decrease. (2]
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11

Taylor is training for a triathlon, which involves swimming, running and cycling.

On Day 1, he swims 1.5 km and then swims the same distance on each subsequent day.
On Day 1, he runs 2 km and, on each subsequent day, he runs 0.5 km further than on the
previous day.

On Day 1, he cycles 2.5 km and, on each subsequent day, he cycles a distance 10% further
than on the previous day.

(@) | Find the distance that Taylor runs on Day 15. 2]
(b) | Find the day on which the distance that Taylor cycles first exceeds 12 km. [3]
(©) | On which days will the distance run exceed the distance cycled by Taylor? [3]

His friend, Swift, is also training for the same triathlon. Swift’s training programme is similar to
Taylor’s except that the distance for swimming, running and cycling on Day 1 is x km.

)

Find the minimum value of x if Swift intends to cover a longer total distance in the [6]
first 30 days than the total distance covered by Taylor. Give your answer correct to
1 decimal place.
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2024 CJC JC2 H2 Maths Prelim Paper 2

1 (a) | The points P, Q and R have position vectors j+k, i—2j+3k and —2i+ j+4k

respectively. Find the exact length of projection of @ on P—Q [3]
(b) | Two non-zero vectors a and b are such that |a| = /1|b| and |a + /1b| = 2|a — Ab|, where

A is a positive constant. Using a suitable scalar product, show that cos@ = g, where

0 is the acute angle between a and b. [3]
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The functions f and g are defined by

—2x

f:x|—>3
x+2

g:x> x| -1, forxeR.

, forxeR, x>-2,

(a) | Find f™'(x) and state its domain. [3]
(b) | Hence find £*** (1). [1]
(©) | Show that fg exists and find its range. [3]
(d) | Solve f(x)>g(x). giving your answer in exact form.

[4]
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It is given that f(x)=6kx+x’, where k> 0.

(a) | Sketch the graph of y = f(x), indicating clearly the coordinates of the points where
the curve crosses the axes and of the turning points, if any. 2]
(b) | Describe the transformation that maps the graph of y = f(x) onto the graph of

y=x"-9k*.

2]

It is given that

where k>0

6kx+x> for —3k<x<k
g(x)= R
7k fork <x<2k

and that g(x)=g(x+5k) for all real values of x.

(©

Sketch the graph of y =g(x) for =3k <x <5k.

[4]

(@)

Sketch the graph of y = for =3k <x<2k.

1
g(x)

[3]
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1 2 0
The plane p has equation r=|3 |+s|0|+¢| 1 |, and the line / has the equation
4 1 -1
1 -1
r=|1[+A| 2 |, where A, s and ¢ are parameters.
3 2

(a) | Show that / is perpendicular to p and find the coordinates of the point where / and p
intersect.

[5]

The line m meets / at the point 4(1,1,3)and it meets p at the point B(1,3,4).

(b) | The line n is the reflection of m in p. Show that a vector equation of n is

1 —4
r=|3(+ul 2|, uek.
4 5

[2]

(¢) | Find the acute angle between n and p.

2]

(d) | Hence or otherwise, find the area bounded by the lines /, m and n.

[3]
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Andrea participates in a game show. In each round of the game, Andrea responds to a series
of questions until she answers a question wrongly or she has answered five questions
correctly. She is awarded one point for every correct answer and is awarded an additional 3
bonus points if she answers all five questions correctly. It is given that she answers each

question independently and the probability she answers each question correctly is 4 .

(a) | Show that the probability that Andrea obtains 2 points in one round of the game is
16

125° [1]
(b) | Find the probability distribution of the points that Andrea obtains in one round of the

game. [2]
(¢) | Find the expectation and variance of the points that Andrea obtains in one round of the

game. (2]
(d) | Find the probability that Andrea obtains less than 3 points after two rounds of the game. | [3]
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An investigation on the number of hours, #, spent on mobile games per day, of 5 students and
the marks, m, they obtained in an examination out of 100 marks was carried out.

t 1.1 22 3.4 3.8 4.2
m 72 62 54 48 42
(@) | Sketch a scatter diagram of the data. [1]

(b) | Use your calculator to find the least squares regression line of # on m, and state the
product moment correlation coefficient between ¢ and m.

[3]

(c¢) | Use the equation of the regression line found in part (b) to estimate the number of
hours spent on playing mobile games per day if a student obtains 30 marks. Explain
whether you would expect this value to be reliable. [2]

@) Without any further calculations, explain if the product moment correlation between ¢

and % would be different from the value obtained in part (b).

[1]
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Aran

is a telemarketer working in a large city. Each day, he speaks to 50 potential customers

and on average, he successfully makes a sale 6% of the time. The number of successful

sales

each day is denoted by the random variable 7.

(a) | State, in context, two assumptions needed for 7 to be well modelled by a binomial
distribution. [2]
Assume now that 7 has a binomial distribution.
(b) | Find the probability that Aran makes at least 5 successful sales on a randomly chosen
day. 2]
(¢) | Aran receives a bonus if he makes at least 5 successful sales a day. Find the
probability that he receives a bonus on 2 days out of a randomly chosen 5-day work
week. [2]
Aran is part of a team of 100 similar telemarketers.
(d) | Estimate the probability that on a randomly chosen day, the team makes more than
3.5 successful sales on average. [3]
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A giant panda’s daily diet consists almost entirely of leaves, stems and shoots of various
bamboo species. A panda foundation claims that giant pandas consume on average at most
25 kg of bamboo every day to meet their energy needs. A random sample of 40 pandas is
taken and the mass, x kilograms, of bamboo consumed per day by this group of pandas is
summarised below.

D (x—25)=80.4, > (x-25)" =1893.5

(a) | Calculate the unbiased estimates of the population mean and variance for the mass of 2]
bamboo consumed per day by pandas.

(b) | State the hypotheses that can be used to test whether the panda foundation’s claim is
valid. By finding the p-value, carry out the test at 2% level of significance, giving your
conclusion in the context of the question. [4]

(¢) | State, in context, the meaning of the p-value found in part (b). [1]

Another random sample of n pandas is selected by zookeepers in a certain country and the sample
mean was found to be 26.9 kg per day. A test was carried out at 2% level of significance.

(d) | By using the unbiased estimate of the population variance found in (a), find the least
possible value of n such that this new sample achieves a different conclusion from that
in (b). [4]
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A student takes the bus to school every morning. During peak hours, the traffic is either
moderate or heavy. The time taken, in minutes, for a randomly chosen bus journey through
moderate or heavy traffic follow independent normal distributions with means and standard
deviations as shown in the table.

Mean Standard deviation
Moderate Traffic 14 o
Heavy Traffic 27 2.5

(@

Given that 20% of the student’s bus journeys through moderate traffic exceed 15
minutes, show that 0 =1.19 correct to 3 significant figures.

[2]

(b)

The probability of a randomly chosen bus journey through heavy traffic taking more
than a minutes is larger than 0.9. Find the range of values of a.

2]

(©)

The student is late for school if his bus journey takes more than 32 minutes, assuming
he leaves home at the same time as usual. He gets a demerit point if he is late on any
two consecutive mornings. For three consecutive mornings, the student’s bus
journeys encountered heavy traffic.

Find the probability that he gets a demerit point.

[3]

(d

Find the probability that the time taken for two randomly chosen bus journeys
through moderate traffic differs by less than 0.5 minutes.

(2]

(e)

Find the probability that the total time taken for two randomly chosen bus journeys
through heavy traffic is greater than four times the time taken for a randomly chosen
bus journey through moderate traffic.

3]
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10 | (a) | In a certain university, there are 110 Co-Curricular Activities (CCAs) clustered into

4 categories. There are 22 Arts and Culture CCAs, 16 Community Service CCAs, 38

Physical Sports CCAs and 34 Special Interest CCAs.

(>i) Albert wishes to find out about approaches to training of the Physical Sports
CCAs, so he sends a questionnaire to 22 Physical Sports CCAs. Explain
whether these 22 Physical Sports CCAs form a sample or a population. [1]

(ii) | Benedict wishes to investigate the level of student engagement in CCAs, but
does not want to obtain the detailed information necessary from all 110 CCAs.
Explain how he should carry out his investigation, and why he should do the
investigation in this way. [2]

(iii) | Find the number of different possible samples of 16 CCAs, with 4 CCAs
chosen from each category. [2]

8 61
(b) | The probability of events 4, B and C occurring are given by P(4)= > P(B)= 0
7 . . 11 13
and P(C)=— respectively. It is also known that P(4NC)=—, P(B|C)=— and
20 100 35
P(ANBNC)= .
100

() | Find P(BNC). [2]

(i) | Ifevents 4 and B are independent, find P(A NBNC ') . [2]

(iii) | If events 4 and B are not known to be independent, find the greatest and least
possible values of P(4ANBNC'). [4]
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et 42
2e" =1

1 | Differentiate tan™ [

e’

e where @b and ¢ are infegers to be determined.

hice

] with respect to x, leaving your answer 1n the siraplest form

]

Sohution:

A e
d 26 —1

i [2e* 1"y - [e" +2](2e")

i X

1+[;+21 T [2e2-1)°
e
) (EE*—I:IQ | Jpt_pr Dt as
(2 1) + (e +2) (26" -1}’
—Se*

T A —de Al et 44

_ —het
45
— _E-‘.

_1+ei’L

ddterrative Meihod

¥
Lot y = tan= 3.2 +
S [ze”—l

[ e¥+32
tan‘]’_[ze”—l]
Differe nbiaing with respeet toa
[2e* =1 =) " +2 (2%
(2217
ety dl},=[2e‘—l:[e‘j—[e‘+2:]|:2e‘j
e (2e= -1}
] K[EE‘—I:][e‘j—[e‘+2:][2e‘]
1+tan®y [Ee‘—l:]i

2 dp
sant p—=
4 dx

o

Bl

1 (2e‘—1j|:e‘)—[e‘+2)(2e‘)
x

1+[e=+2]2 (:a.r—ljI

e |

2et-1
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[EE.-._]_:]JE J EE'E;._E.-._EE'E.-._I{IE.-.
(Ze* —17" +[e*+2) (2e* -1
—5a
da*t —dat +1+e™ +4de* +4

R
S5t

_ ==
14+e*

Examiner's Repori:

Thiz gque stion was saccessial for T0% of cohort.
Ilan problerns were:

- forgetting to use chain mle on the expression
- tnade mistakes n apply quotient mle

- tnade algebraic ristakes when simplifying the differentiated expression

&lmost none used the & ltermattve Ivlethod.
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P bz’ =0

fired the other roots, 2, and I, interms of = .

T | | Given that the real root I =—  where @ >0 satisfies the equation

[]

3 2

b)) | Hence solve in® +ow

—imw—x? = 0 in terras of 7.

Soluiion:
()

Since 2;=- isarealroot so [2) +o)iza factor

Let 2 +as® +xz+a® = (2 +:',1::||:z:2 +HE+B] where A K are real consfants.

Corapare coefficient of 27 = Ad+ax = A=0
Corpare coefticient of constant: e’ =Bax=FB-=n

Hence, 2% +oz +az+a? = i +ﬂ::|[e:2 +ﬂ.’.]
Thus [33 +a::| =0

z=tfom = tfmi

Thus Eg=JEi,33=—JEi

Meihod 2

Do long-division otz +az® Hez 4 using [2+a)

2% o

2 +ﬂ.’.]£3 +|:',|.'.E2 +xE +|S|.'.2

=] =+
e+ o

(=] Gz +ae

I

Thus [33+a:]=n —z=tfa =tfzi

Thus £3=Jﬂi_i,.-':.‘3=—£i
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Meihod 3
Since all coefficients are real and 2; = - 15 a real root,

the other two roots are complex conjugates.
Letthe complex rootshe z=x+pand 2=x-n
2* e oz o = {z4m)(z- x+pi){z-x - pi)
=|:£+ﬂ::|[32—213+12 +_}|3:|
=z +|:::1:—2Jr:|é:2 +|:Jf2 +_;p,l2 —Ea:lez+a:[x2 +_}|2:|5
Eouating coeffof 28 c—2r = => x=0
Equating constants: a;[:xj +_}12:|=a:2 = 5 +_;;,|2 =g (ghce o =03
:::_}I2=u: fsimce x=0])
:}_}I=i£
Thus 5:3=Ju_:i, Z3 =—o 1

Meithod 4
Let the other rootshe 2=4 and 2=58

2wzt oz tal = (z24+m)(z - A) [&=5)

= (z+a)[ 2" - (A4Bje% AB|

=z +[o |Z;¢1+E:|:|z:2 +[AB- o (A% B ||z +oAB s
Eruating coeffof 2% - [A+8) =@ =A4+ E=-0=A4=-E

Equatng constants: gAB=n® S AR =n fgince o017
=B =& Ysitice A=F)
=B =ty-m=tfm i

Thns, the other roots are Jc?i and —fe 1
(h)

Let z=iw

|:iw:|3 +x |:iw:|2 +I‘I|:i'l-1-':|+l‘.',|.’.2 =T

P _aw® faiw 4z =0

—iw
iw® raw® —miw—g® =0
Thus tw= - =w=1rx

iw=\lEi::=-w=\|E,
iw=—JEi:::w=—-uE
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Examiner's Eepori:
{a)
This part was successinl for 50%, of the cohort.

Lulain problerns were:

- stated that since all coefficients are real, so the ‘corgugate” 2 =0 15 also a root, withont realising that € 1s
real and so does not have a corplex conjugate.

- those who stated that 2= C€ 15 also a root did not subst info the equation to check and see that it 15 not.

- sorne stodents realised that the other roots are cornplex conjugates but were unable to use corpanng
coefficients to find the roots.

- sore stude nts were confiised about what the gquestion wants and tred togolve for the walue of &

- many students tied Iethods 3 and 4 bt roessed up duning the expansion or did not know what to do wath
the equations.

(k)
Llajonty of students did not manage to find the correct subshtubon.

For those who did, sorme did not rnanage o sioplitsy the roots for w.
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_ LGN _eiEi“J}

2isin (ﬁ —& J‘
2

—a] where p=12,g=2
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3 In an Argand diagram, the points 4 and B represent the complex numbers 6e'* and 6e*
respectively, where 0 < @ <% and %< B T,
(a) | Mark the points 4 and B on an Argand diagram. Y ou are expected to clearly label the
relevant moduli and arguments of the complex numbers represented by the points 4
and B, in terms of @ and #. 2]
(b) | Show that |6¢'* —6¢"|= psin(ﬁ_ aj , where the integers p and g are to be
q
determined. Hence write down, in terms of & and /£, the perimeter of the triangle
OAB. [4]
Solution:
(a) Im
A
B
: 4
6 2 3
14 -,
0 <
e
(b) * Method 1
|6ei°‘ — 6" |
= 6|ei“ " |




Meihod 2
|ﬁe'“ —5E'F|
= AR
=2 AC where O iz the radpomt of AR
= 2[Asin L ADC)

=1zsm[ﬁ;] whewe p =12, =2

Method 3
|ﬁe“I —5E'F|

=AF
=it +6" - 2(6)(6) cos [ 8- )
=J?2—?2 cos | 8- o)

=1FE [l—cns(,ﬂ—u:]]

=Jﬂ[ﬁﬂf?ﬂ

=1251'11["3; ] il 7 = 1209
Method 4
|ﬁe"’—ﬁe"‘| &

sinf & —a) Sin[;r—(,j—a:j]

=1zsm[;] where p=12,9 =2

Perrneter of the trangle JAR
~6+6 +125in[ “3;’: ]

=12|:1+sin[ “3;’: ﬂ it
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Examiner's Eepori:

3

(a)

th)

This part was generally well done .
atuderts wer able to label the points A and B i the correct guadrants.
Howewver, some students labelled the arz[ge* )= wrongly. The argument should be

rneasured frorm the positmve Be axds to the vector OF,
Sotne students alao failed to reark the modul of both coraplex marbe s,

Students should take rote that Im[ge'™)2Im[ge) (le. the points A and B are not

syrrnetrical abont Im axis). The gquestion did not give a specific relationslopbe baeen & and
#.

This part was not well atternpted.

« Only a snall percentage of stodents attempted facionzation in the exponental form.
Homewrer, most of thern were not able to anoee at the final ansaer

¢ DNost students corrverted the exponenbal for o the b zonerettic form and applied Factor
Foranlae.

Inboth methods, a sigmficant percentage of stodents were nnable togproc eed after the first step.

Students did niot understand the sizrificance of the modulus Agn (whichis the magnitode of a

complex muaber) and often rezaosred the modulus sign without conssguence .

There was a small percentage of shadents who recograzed the geametrical meammg of
|ﬁe'“—ﬁe"‘| as the length ABn the triangle @48, They were ahle toproceed by applying the

Cosine 5 ine Rale but they did not kroe e toteio plifirdo the reduired form.
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4 @ | SEOUENCE &, Mg, 4. 18definedby o =-1 and u, =2, -0.5 +r where r 2 2.

B considering Z [H, - :l, find an expression for ¢, in terms of n.
=i

v Rt ey
tis given that 3¢ = ———
[ltisg 2 Y
The drvergence test states thatfor a sequence o, a;, a,, .., I lina_ = o, where cisa non-

n—m

zero constant or lima, does not exist, then the senes Z & drrerges.

r=|

(h) | Determine whether ZH,, diverges, justifying your answer:

Sohition:

(&)

u=u_ -0+
uo—u = -0%

n

Z[H,—H,_.j=zﬂ(rj —D.FJ

=l =1
no oy w0 5
;ir Ik [ 05 ]
i
Y N 051205 )

i
1
=@—1.5 +E5% forl 2

T

S~y )=y, —u, = 0N

el
win+l a4+l

Sou, =':”Tf—1.5 +0.5° =1 = M-zmw for nE 2
i+l 1141

Whenn=l, u,=@—25+a.5"=(TT-15+a5=-1

T

1

Thus, ux=@-z.5+m" for n21
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10

e Izn+1

2
(b} mk:T)—E.SM:I.S?é for =1

w [n+1:l2
— < —I5—=wm 05 0.

_ PEEI:.?‘E+ 1:]2 u . _
=lim|——~-25+0.5 | does not exist. Since asw — o,
M=o

Thus Zuﬁ diverges.
el

Cr graph

22885
23085
24885 | 2.4E!
2508tE | 9.91
26885
27085
28085
290685
30085
31085

A=32085

w

N

Asp—se0, limu —soo | thus Zuﬁ diverges.
wl

Examiner’'s Report:

{a) This part is poctly done generally. Iany students did not realise that they need to apply method of
differenceto sum > (w, — 4,4 ) and mistakenly linked it to S, — 5, Secondly, while summing

]
"

Z[—D.S' +¢" |, students mustakenly wrote —0.5as (-0,5Y, but they are not the same. Those who

]
n

rewrite into Z[r3 - IZI.S':l are-fn ore successful in proceeding further correctly. Thirdly, many students
rel

n n 1

split the sum wrongly as Z[r3]= >r'=%"r" showing that they are still not familiar with the rule
r=1 r=l r=l

for splitting partial sum. Mext, a sizeable number of students could not sum the geometric series

n
E[D.S' :lsuccessfully, often 1dentifying the wrong first term and the number of terms in the series,

F=d

showing clearly that they have not revised or understood the concepts well, Among the handful who
successfully find 1, they forgot to checlk that i, 15 indeed -1.

(b This part has a mized response depending on the expression the students obtained in part (a). Some

students clearly misread “diverges” as “converges”. Students who merely stated that the infinite
series diverges without clear reference to the expression they obtained from part {a) will receive no

2 2
M lrt ]
credit. The key reasons must refer to the behaviour of % and 0.5 forlarge values of #.
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[t 13 gmven that the volmme of a ciroular cone with base rading » and height b is %m‘zh.]

& frusturn of a cone 15 the portion of the cone wlach remains after it npper part has been
cut off by a plane parallel to itsbase

The diagram below shows a vessel of lava lamp, It can be modelled by tuo open hollow
frusturng with a cornmonbase radius » o, To formm thas vessel, two congrent open cones
with base radins » cm are cut to create two frustums which are then joined along their
cornon base. The bottorn frasturn has a height of 5 crm. The madu of top and bottom
smrfaces of the wessel are (r—3) cmand 10 cm respechvely.

¥-3

(@) | Showthat the height, in e of each of the origingl éonesis

e
r=10"

[1]

It is giwen that » 212

(h) | Find the solurne of the hottom fissturn. (]
The vessel 18 now mounted on a flat bage and miretal oil 15 poated mmto the vessel at a rate
of 10 e per szcond.
(c) | D | Fand the depth of the ruineral oilin the top fmstum when the volume of the
mineral o1l in the vessel is 2000 ¢’ 7]
(i) | Hence, usitig differentiation, find the rate of increase of the depthof the rmineral
oil atthe instant when'the volure of the mineral oil in the vessel is 2000 et [

2 3 www. KiasuExamPaper.com
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Solution:

5 (a)
(b)
(©)(d)

12

Let the height of each original cone be /# cm
Using similar cones (original cone and bottom removed cone),

h r
h-5 10
10h=rh—5r
h(r—10)=5r

_ o

Cr-10

- —————

OR kY /

Using similar cones, \ /
h 5 \ ‘
LY £

r r=10 e M
5 s \\ ’l‘
— Al 4

=T k 4

r=12=h=30

Volume of bottom frustum
= %7:(12)2 (30)—%7(10)2 (25)

1820

=—m

3
=1905.899543

=1910em’ (3 sf)
Sinee volume of oil = 2000 cm® >1910 em?, the bottom frustum is completely filled.

Lt top radius; depthand velume of'mineraloil in the top frustum at time f be x cm, 3 em

and I~ cm® respéctively

Using similar triangles (original cone and top removed cone),

30—y x
30 12
£=2(0-)

L ot 30—
V_Enrh 3Tr.7c(30 1)

1 2 _l Z — ; T
=512 30) 3n[s(BO y)} 30-y)

An
= 1440 - — (30— y)’
75( »)
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Uaing G.C.,
When ¥ = 2000 —1905 899543 = 94100457
p = 020946622

The depth of the rraneral oil 13 0209 cro

di 4w

=530~
(cxii) e (30— p3?

¥ .

ds ch d

0= _{30 02094662 x dﬂ"

% = 00224 cwds

Examiner's Repori:

5

(a) & sgroficant percentage of sindents did not tecall hovar to use the ratio of lengths for sinular
ohjects and left the part blank.

th)  Some students did not understanid the defirdfion of frustura e the gqueston.
& agnificant percerntage of students faled to use the comect radnhieishits n the caleulahon.
The original cone and the remeed cone have different radn and heights.

(c)  Ths part was badly atte mpted.
Cormon ristakes e luded:
+  Sthudents did notsealimethat they neede d to establish a-ne w relationship betwee n the height
and the radiug of unoccupied wiolume aboree'the il (aga cone). They re-used the relationship

1n part (A,
+ | Dhudentseguated the walaee of od 1xthe top fiustum to the volume of a cone.

(d)  This partwas badlvate mpted.
Zarnmmon ristakes e luded:
«  Shadents treated the rading as congtant and atterapted differentiation. The v faled to realise
thatbothdhe radine and hieight were vanables.
+  Students subshtoted of the rading fo find the volure in terms of h They faled to realize
that the heizht becare a constant the morment the v did that.
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6 |1t is given that In {1+ ) =tan ».

b
(a) | Show that :-r—‘§= %[2tam;r+.~3»3n:2 :| [3]
(th) | Byfurther differentiabion of the result in part (a), find the Ivclannn series for p, up
tn and including the terrm in »°. 3
() | Hence find an estimate for the value of e. [

Solution:
(a)
In(l+p]=tanx
l+p=p™*
DnafY wert x:
%=e“’”secix
Dnff et x:
I
31—':=e"'” [Esec xj[secxtanxj+seczJ:I:e“'”seczxj
2
:_x—‘f=e“*[secix:l[2tanx+secix?j
=£[2tanx+sec*xj
dx
)]
Dnaff wrt x
':13.1' I.}' 1 7
F=—I|:2t-mx+sec x]+—|:25n3c Y +dzen J:[sec xtanx?j:l
dyp -:11_}' :13.1'
Whenx=10, » _I:I,d._:l:_ ,F—I,F=3
_}I—x+lf+lf+
2
(el
Whenz=2, p+l=¢ ‘=¢

g=p+1 =234 {corr o 3sf)
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Examiner s Eepoxi:

{a) There were many approaches fo thos peart and generally, moajonty were saccessfl in gethng g—‘}'and
b3

dly dly
— . Iost were also able to marapmlate ther obtamed —5 o the recpuired.
et S e 4

(k) This part is generally well done with rmarey corre cil v differentiating the required forn to obtain the
3™ dertvative, and the reafter, the Iaclaurin series for p, up to and including the terr in »* . &
handful made alzebraic slip in obtaining the coeffof »¥ .

(c) This part is poorly done. Students should note the word, hence and workito chtainp as p =e* -1
The estirmate of ¢ is then obtained by letting x =2 accordingly.
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2

7 Find | — e dl, usitig the substitution x =cosf where D<f< X
@ | 1 '[2_~.',1—_f . nsng the substifution » =cosf where 5 [2]
() | Find [ xsin™ xdr. []
h) | Find _[ cogaxsin by dr, where @ and b are real numbers and a5, =

Solution:
(ai)

EDE E

X
5
IE 1- 2."‘1 EDEE o

|:ED5 E:I

[cos E:li
-[ 25:i.t1|9
—I cn:-sﬁ

2

Fl

ZpJ(zin )’

___[ 1+cos28

(—sind)dd

(~sind]de

de

—l_[ 1+4cos 28 d&
4

_l|:5+5m25
3

]+c

—%[c-:-s_' x +Eind cos E:|+C'
_%I:ccus_l x+xm:|+ﬂ'

% 1

A

_I_\‘.ll_

dx

=—’1f G x+%|:c05_, x+xm:|+ﬂ'

(aii)

I xsin™' x dx==n’' x-%—'[
2

)

1
I coszxsindy dx =—I 2eoozaxsmbx dx

ax +-E'x:| — = |:ax -E'x:l =

cn:rs ax+bx _1 x bx:l
T a+bs | 2

[_.:c.g Ch

b

|: ax -E'xj| 1|:ccrs|:ax+bx:| i
2
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Examiner s Eepoxi:

(&) Ivlany stude nts were able to e place the terrns correctly, except for a handfil that differentiated cose
wrongly. Howeswer, quite a ronber of stadents were not able to apply the double angle forraula correctly as
well as carryout the indeg mhon ofthe cos 28 expression corvectly. Ilany stadents were not able to get the
firal answer rark as they either did not give the final answer in terms of x or tred to do 1t without
siplifying the Ands to sinfeos .

(b} Some stade nts conld 1dentify the need to perform integration by parts. However, they either chose the

wrong terrns for e and % , or carried out the respectve differentiation and integration wrongly. Again

x‘!

-7
using the answer frorm (a)1)
(o) Ivlany stude nts were not able to see that the v should use factor fordnla here Wlnstead they ted to sobee
the integration nang by parts. Soree fried to apply the factor formoala bt were fot able to obtain the corect
expressions for the angle, that is, sin(ax +bx) —sin (@x— bx). There were also guite a few who did not

roany students did not see the link betweer (a)(1) and (a)(n) and ted to sobe _[ dx instead of

integrate sinfax +bx)—sin(ax—br) corectly
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8 | A curve C has parametric equations

x=3+2secH, y=3tanf -1, —§<9<£.

(a) | Find the range of values of x.

2]

(b) | Find a cartesian equation of C.

2]

(¢) | Hence or otherwise, sketch C, stating the coordinates of any vertices and equations
of any asymptotes.

[3]

@ | @ Find the equation of the tangent to C at the peintwP where &=p,

—g <p< % [You do not need to simplify your answer. ]

[3]

)

(if) | Show that the gradient of the tangent at P cannot lie in the interval {—% %}

as p varies.

[2]

Solution:
(a)
For —£< 7] <£,
2 2
O<cosb<]
seciz1

34+ 2secH =5
SEXES

Alternative Method
Sketch the graph of x =3+ 2sec@

From the graph, x> s

(b)
x=3+ 2sec€:seo6’=x—;3

1
y=3tan6’—1=>tan9=&

Substituting into 1+ tan® 6 =sec’ &,
y+1 Y (x=3Y
14 L= =
3 2

2 2
e/ Vet ISR

» 3
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Method 1 (using the cartesian equation)
2 2
(x=3)" (v+))
F P
So, Cis a hyperbola for x> s, with centre (3, - 1)

=1L x5

From (b),

2

To find the oblique asymptotes:

=)-5)

y+1 _t x-3
3 2
¥=3
=—1%3 —
d 2
y=-143 52 =_1+§ -2=3x—ﬂ
2 2 2 2
3 3 9 7
or y=-1-3 i =—]l-—x+—=——x+—
2 2 2 2 2

NORMAL FLOAT DEC NORMAL FLOAT DEC REAL RADIAN MP
RESET ALL Y= LTNESTYLES
Plotl Plot2 Plot3
2
INX11 B3+ 555y : .
- FUW:Y!UN [ITRE3E FOLAR SEQ
\;11 Eatan(T) 1 DOT-THICK THIN DOT-THIN
BN\x2r STHUL
Yar= astbi re~(si)
E\Xar= HORZONTAL ~GRAPH-TABLE
Yar=
INXar=
Yar=

19

NORMAL FLOAT DEC REAL RADIAN MP ﬂ

WINDOW

Tmin=01. 570796327
Tmax=1.570796327
Tstep=0.13089969389957
Amin=-10

Xmax=10

Ascl=1

Ymin=-10

Ymax=1@

Yscl=1i

NORMAL FLOAT DEC REAL RADIAN MP n
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(d )i

x-3+25m9=%-253c& fn d

_}'-31111161—1::%-35&&&

@_ Fsect @ _35&-:!?_ 3
dx  ZsecFtand 2tand dsm e

At P = {342secp, anp 1),

: ) i_ 3
&t P ogradient of tangent 1s b Zomp
Equnation of tangent at F is

3

.1'—(3’:-3::1::2'-1]-25]_11;,[}:—3—25@2;:-]
(d i)
Since -%ﬁp{i,
g0 =l<€sinp<l
Hence, - -:—Ecur 2 :n--E

dsinp 2 2sinp 2
. e O 413
Thus the gradient of the tangent at Peannot liginthe Tnterval 5|
[Fun Fact: These are the gradients of the obligue @swinptotes ofthe hypetbala ]

Lulte rnative Ivlethod
Ohserve that the gradient.of the oblicue asygnptotes are —% atid %.

Lz the tangents of the curve cannotlie be pereerithe teo ohlique asyaptotes,
33
the gradienbof the tangent at P cannot Be 1nthe 1ndersal [ E’E]

Examiner’s Repori:
{a)  Students performed poosly in this part. They failed to consider the range of possible values of coed for

the theta values given1e. [0,1]. Instead, substituted the upper and lower limits of theta in the equation

of x, ervonecusly assuring that will grme the corresponding upper and lower linits of x5 tudents need
to understand this rethod only works prosaded the equation of x is an increasing fune tion.

by Students who mmember using trigonome try 1de ntities as a strategy to elirunate theta generallsy
obtained full credit for this part. Howeseer, about half of them did not. & agnificant number perfornmed
pararee e differe nbatior, which as nelesant to this part. Stade nts who considered rght angle
tnangles and basic tizonometry rmay get partial credit for ohtairang partal answers such as

4§ -91’@-1 phdchonly forned 1 fop belf of the rah.

(o) Agan students performed badly i this part. Majonty of them failed to relate the graph to a hypethola,
For those who did, they either failed to exclude the portion where x =5, or include equations of
asymptotes, or both.
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(di) Iore students were able to get full credit for flas part. Some of them lost 1 mark for alzebraie
maraplabon errors. Cther than that, majontsy of students know the steps to obtain tangent of
pararne e curve.

(din)  Stodents perforraed poorlyin this part. Like part (a), thew faled to consider the range of possible

values of sinE and subse quently, ﬁ Instead, many tried proof by contradiction. These students let
3

sradients be —% '3 and explained whyr it conld not be so. Howeser, this e thod ondy shows gradient

cannotbe 2 values, mstead of a whole range of values.
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(a) Width of 1 rectangle = 4

n

2 2
1 n+l
X :1+l: Height of 1% rectangle = l-l-—j +2:(—j +2
H n
2
2 n+2
% cfusd Height of 2" rectangle = (1+—j ( j N,
n n n
2
3 n+3
X, :1+3: Height of 3" rectangle = 1+—j +9 ( J +9
n n

2
n n+n
x =1+2-2:  Height of n'" rectangle (H—J +2= ( J+2
n

3 Wy KiasyExamPaper.com
‘ - 153

9 (a) Ay
2
y=x+2
2
0 1 2 >x
1
n
The diagram shows part of the graph of y =x’+2 from x=1 to x=2. The area
under the curve in this interval may be approximated by the total area.of » rectangles,
4, as shown. The width of each rectangleis 2.
n
13 3 1
Given that Zr (n+1)(2n+1), show that'd =
6 21 6n’
Deduce the exact value of Ilz(z + xz) dx, justifying-your answer. 6]
(b) Region R is bounded by the curve’y =Inx, x = 1and y-=1n 5.

(i) Find the area of R. [2]
(i) Find the exact volume of the solid generated when R is rotated through 4 right

angles about the y-axis. [4]

Solution:




Total area of n rectangles, A

i
>

_E[gi +_]

—

.'-S

=3+%E[n+lj]+

1 1
=3+— 1
+=(n+ :I+5n=

"

=3+[1+

rd
] +2]+L
H

" M

r+n—=§r=

1
F

"

1
At

-

1
Gx?

23

]

[E[n+1:||:}z +1j]

|:2n’+3n+1j

L
— |+ =+—+
S

(5 hovarn)

)

Total area of n rectangles, A

1

1l ntl
n

]

Il
; i[+~1a

-

Il
: S
'=’1

17

RN ::|._. N N

| oo 1| s |
o |

—
| ey |

E:rz
13

==+
R

fl:i+;:j

] ++L
H

+
(o]

542

1

(

14n® +9n +1]+2

"

(2n +1:||:?n+lj] 42

(5 hoern)

dr =limA =lim

h=iea

h—iea

”+2] +2}+l[[”+3] +2]+...+l[[”+”
] I I ]

" InebL 441 )Tl IE.—-:H]] 2

(13 i 1 J 13 Pl
et A L
1 2 én K|
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(b)

24

y 4
y =Inx
y=In$5
0
x =1 /
| V/ \
(o0 | ,"// KE
©
ng
)
£) N
& >
Q" & €
R &
&° g™
N &
(In5)=2.39  units’ &‘Ns.f.)%‘\‘
™
" \Q -2
rot@ou Xis
o &
S
3
Q

=7(12-In5) units’

Or,
Volume of solid generated when R is rotated about y-axis
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=af" e —a(1}{I5)
=ﬁ5’|:le”:|m —lns
2 =]

1 ;

=A™ =1] - 7ln5
1

- Eﬂl:(jl j—l]— #lns

= m:l 2- ]::15:| utst

Examiner's Repori:

FPoorly attern pted oue stion.
Dlany stodents left 1t blank too.

(&) Stadents fal o use the correct xsealue forgetting the heizht of cach rectangle and sore students esen
got the firstflast rectangle wrong. For those who maraged to get the correct dimensions of the rectangles,
tnary students have difficulties wnhing the series i swntnation notation andfor evaliating the sum.

For the last part in geting the exact value offthe de finite mitesral, rmany students used inte gration instead of
finding the lirait of A as n approaches irdivd by,

(ki) Students faal to identify the cotect ®gionk, which 1= hounded by 2 staphs (a grsizht ine p=1n 5 and
acurve P =Inx between x =1 and x =5 0r x= " and x = | between p =0and p =In 5. Many stude nts also

mntegrated In x wrongly instead.of nsing GG to evalnate the defitate integral as the queshon did not ask for
an exact area.

(b} Students fail o ngtice that the regiond? 15 ¥otated dhout the p-ais, wlhach meant that the de finite
integral shomld hedn integtaton with respectda . harer students also ised the wrong forrola for finding

volurne of solid generated byra region hounded by 2 graphs ¥ = J]'r(I:g,I:}':I:Il —(z, 007 :I-:Lv . and could not

siraplify eI a5 e B L ST L 35 to getithe ehact volume.
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10 | Glucose is a simple carbohydrate that can be easily absorbed by the body and provides
instant energy. When a patient is dehydrated or unable to take food orally, glucose is given
intravenously to the patient via a glucose drip.

Glucose given intravenously enters the bloodstream at a constant rate of p units per hour. It
is absorbed by the body, leaving the bloodstream, at a rate proportional to the amount of
glucose present in the bloodstream. & denotes the number of units of glucose in the
bloodstream at time ¢ hours after the glucose drip is administered.

(a) | Write down a differential equation relating (5 and ¢. [1]

(b) | Suppose there are 3 units of glucose in the bloodstream when # = O and that the
amount of glucose in the bloodstream remains constant when, (G =8.
Show that the particular solution of the differential” equatien in_part (a) is

=iy
8

G =8-5e 6]

(¢) | Sketch the graph of G against t. 2]

Instead of the glucose drip, a patient who is well enough will get hissglucose from the food
he consumes. At the end of each meal, the rate of change in glucose ia the bloodstream can

be modelled as [%+ sin tj units per hour where 0 < < %n’ .

(d) | Find the time at which the.ameunt of glucose in the bloodstream

(i) increases most rapidly after the:meal, 2]
(ii) starts to decrease. 2]

Solution:

(a)

6 _vg Bo

dt
(b)
146,
p—kG dt
| = [1de
p—kG

|
—Elnlp—kG|:t+c

|p _ kGl — e—kt—kc
p=TF =g =™

1
G=—(p-4e™
plp—de™)
Amount of glucose in the bloodstream remains constant when G =8 :

0=p-k(8)=k=L
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When =0, G =3

3:%(])—/1@0 )= %(p—A)

= p-3k=4

p _ p\)_5p
Subst k=2 — A=p-3|£|=E
Hos s P (sj 8

1 5p £ -2
Thus G:?Kp—?pe s ]:S—Se 3 (shown)

8
©
G

(di)

dG (1 . j
—=| —+sin¢
d \2

For G to be increasing mostly rapidly, i

must.be at its‘maximum

NORMAL FLOAT AUTD RERL RADIAN HP n
CALC MAXIMUH

Yu=0.5+sin{}) 4

- ;-7 <1 57hr after the meal
2
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OF.
Jdi [1 ) ]
—=| —4sni
i 2
2
iﬁ?:cosizﬂ
Er
fomsi e
AEies)
m 3
“When £=— d—? =—gint <0
2 d o
2
T 4
1-HhE:nr——,d—? =—znt =0
20 &7 s
3
diF

Thus:— Foives fpax 29
2 ely

(di1)
45 £
dt

NORHAL FLOAT AUTO REAL RADIAH HP I:I
ZERD 5 _ _

Yu=0.5+5inlx)

For 3 to decreaze,

£ero ’
X=3.865191Y ¥=g °

o I %{x 36652 of t =367 hr after the meal

Examiner’s Report:
{a) Thiz partis pootly done. Students need to understand that a differential equation relating &Fand £ 13

A o : ok O
that of —, most students gave an equation in, and not one involving its derivative. & way to form

the required DE 13 to look at the net change in (F as E = e, _ e ;
ds s dt
W Kasu Exam F awwy-KiasyExamPaper.com
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(k) This part 15 often left meoormplete. In cases where students atte rmpted the question, students were
generallyable to perfonm vanable separable, though some made error in integrabng

1 - 1 ; .
Ip_kgdG_Ild: =rln|p — ki3] =1 +¢ , ervoneously missing out the E.Thec::nmn:tmtegmtnn

should heve been _[ II:G dG=_[1 o :b—%h1|p—kG|=r+c.
o

(o) Stadents are advised to atterapt thas part even of thesr are not able to do parts (a) and (b) simce the
equation of G 15 grven. There were many incornplete and inacourate sketches, for examgle, sketehing
for #= 0 whenclearly t 20 Alza, the initial condition of 3 units of glucose in the bloodstrearm when §
= and that the amount of glucose 1n the bloodstiearn remains constant when & =& meant (0,3) and
H& at & =8 respectrely.

(d) Mlarey stodents left (1) and (n) atterapted, where there were afternpds to solwe (1), many interpeet
mcreases roost rapidly after the meal as findimg the walue of #avhen G 18 Ak This 1s not the case.

For this question, we are finding the value of # when %15 at its max “For cases where students

recogrise the need to look for max %, thew tend to de soaa differentiation (set ir_?=m than a

sketeh of %. While bioth methods work: sTuits wibdad usedihl derfadtve pbthod, will nesd 1o

ghior that E:h_? < Qat t= %ﬂ:r tnax value, For partiii), G starts to decrease implies %-{ 0, which can

be read off from the sketoh of ddf—Gu-'henf < [ There e re quite a few students who gave a negative

walue of § without realizing that carnot be the cages
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11 | Taylor is training for a triathlon, which involves swimming, running and cycling.

e On Day 1, he swims 1.5 km and then swims the same distance on each subsequent day.

e On Day 1, he runs 2 km and, on each subsequent day, he runs 0.5 km further than on the
previous day.

e On Day 1, he cycles 2.5 km and, on each subsequent day, he cycles a distance 10% further
than on the previous day.

(@) | Find the distance that Taylor runs on Day 15. 2]
(b) | Find the day on which the distance that Taylor cycles first exeeeds 12 km. 3]
(©) | On which days will the distance run exceed the distance cycled by Taylor? 3]

His friend, Swift, is also training for the same triathlon. Swift’straining programime is similar to
Taylor’s except that the distance for swimming, running and cyeling on Day Lis x km.

(d) | Find the minimum value of x if Swift intends to covera longer total distance in the [6]
first 30 days than the total distance covered by Taylors Give your answer correct to
1 decimal place.

Solution:

Let K and ¢, be the distance covered on the day » in running and cycling respectively.

@ 7 =2+14(0.5)=9%m

(b) Consider ¢, =2.5(1.1)"" >12

Taking In on both sides, we have n—1>
In(1.1)

On Day 18.

Alternative method: Using GC

(¢) Consider 2.5(1.1)"" — [2 +(n— 1)0.5] >0
Use GC, we have

NORMAL FLOAT DEC a+bi DEGREE HP 7| [NORFAL FLOAT DEC a+bi DEGREE HP f
PRESS + FOR aTb1 S -
% Y1 ¥122.5(1.1)~(K~1)-(1.5+0.5X)
0 0.173
5 -9.3Y4
6 -0.47Y4
I "8.571
8 -0.626
3 -9.641
i) -0.605
11 “0.516
12 -0.367
E_ =0.154
14 9.1307
X=13 K=\4.0059128 ¥=-9.173581

Thus, distance cycled is less than distance run between Day 4 and Day 13 inclusive.
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(d) Let @ be the distance covered by Swifton Day 1.
Consider 30a+22 [z +E} [1 L 1]:—15(3'3}+—[2[2}+29}+2.5[1'1“_1]
2 2 1.1-1 111

Uang GO, we have

m—
30a +ﬂ|:2 +§i|+a .
2 2 1.1-1

2.2 71139
% 13384
24 T56:25
The starhng distarce 15 at least 2 5k
Examiner's Eepori:
{a) This partis well done, except those stoudentsweho rdsande retood the gue stion and vssd surn of firstn
terrns mstead.

(b)) This part 15 zenerally well done, stodents used alzebraic or GO to answer the guestion.

() Several stadents fatled to find all the walies of » that sabsfy the green condhition as they ondy looked
at the first ferr value s from the GCtable andconeluded. The more carefill students scrolled dowm the
table to check further. 5 tudents whonsed graphac al rethod are more ;e cessfil.

() This part 15 well done for thoss who took fitoe to sobett One coratnon mistake 15 that stodents who
nsed G table to solvedor the miramarnaalue of »did 1ot set thednteralof »n to 0.1 wat. Many used

the default *17 urat mfersal and faled $o locate the walue of 2o 1 deeimal place.
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2024 CJC JC2 H2 Maths Prelim Paper 2

1 |¢a) | The points P, () and R have position vectols j+k, i-2j4+3k and -2i+j+4dk
respectrvely. Find the exact length of projechon of ﬁ )} P_Q'P

& 13 the acute angle betaeena andh.

th) | Two non-zero vectors a and b are such that H=RH and |a+£h|=2|a—£h|, where

A 13a poatre constant. Using a suitable scalar product, showwr that cosd = %, whete

Sohution:

I
(a) PO=00-0P=|-2|-|1|=|-3

1

1

3 3
ity =8
OR=0R-00=|1 |-|-2]|=| 3
a]ll3] 11

-3
|_ﬁ _;j| 3 Hia
gRF 1)l 2
= L@ﬂ R W
= % = %q’l_d units

() |a+ih|=2Ja=idb|
p+ 4| = (2 - [
(a+.Abl{a+ih)=4(a—Ab)(a- A
aa+2iad +ihh =4|:a-a—lia-h +Eﬂl-hj
3|=1|?+El3“[h|i =104 |]a|')|n:n:us .5""]

k] K
E*M* sinze ja|= A

soos g =% (5 howam)

coss =
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Examiner's Eepori:

(a) This part was well-done in general. Cornmon mistakes were
+  DMliz-gquoting the formoula for length of projection as E—ﬁ {wathout the roodulus sizng or

—_— oy

|Q'Rx PQ| {used wector product instead of scalar product).
=301 aQ
3 -2 T

2

a
« Compmtng scalar product in a wrong marnner. E.g. T = . hiot realizing that the resalt
4 4

of a scalar product 15 a scalar, and not a vector.

(h) This part washadly done. & larse proporbon of stodents did not o hardlvwattern pted the question.

Cormraon rastakes were:
+  Thinling that modulus sigrs are distibuteee over addihonand subtraction 1. and then using

guadratic expansion thereafter. For example,
s b < )
=l +22ja]p| +4*["
+  DMaroy failed to recogrize that |a+,2]:.|2 = (a+ b )-{a+ 1b) and therefore could not get much gong.
+ Ernoneously denoting aaas a® instead of laf*
+  Writing |ash|=|alh|cos & instead of ah = ja|ljecse

www. KiasuExamPaper.com
164



2 | The functions f and g are defined by
3-2x
x+2
gix |x|—1, forxe R

fix—

,forxeR, x>-2,

(a) | Find f_l(x) and state its domain.

3]
(b) | Hence find £*** (1) [1]
(©) | Show that fg exists and find its range. 3]
(d) | Solve f(x) >g (x), giving your answer in exact form. 4]

Solution:

3—=2x
x+2
xv+ 2y=3-2x

(a) Let y=

xy+2x=3-2y

3-2y

X =—

y+2

3=-2
Hence f'l(x)= &
x+2

D =R;

=xeR, x>-2

(b) Since fis self-inverse, £ (x): X
f7.024 (x) =¥
f2024 (1) s ].

(© R, =[-le) md D, =(=2es)
Since R, £ Dy, fgexists.
Ry =(-24]

3—2x
x+2

(d) At point of intersection, x—1=

Simplifying to get x* +3x—5=0

3429

3
428 -5
2

Solving, we have x=

Solution is —2< x <
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Alternative method (noi recommended)
3-2x 3-2x S—x
> +1=

x+2 AR x+2 x+2

5-1x S—x
= = X

x+2 . r+2
—5_’1:{ x and x{j_x

r+3 r+3
S5—x P 4+3x-5
For 2 YT ST g O
—3- \-'EQ -3
Uaing test-point method gives % < i SR £ 5
= T
For x}—j—x,we havwe x+5_x::.n:| :';-L’H-j::.n:u
r+2 x+2 x+32

Since x* + x+ 5> 0 {either coraplete the square or use of discrtrinand), x = -2.

29 -3
2

Combinng, we have -2 < x <

{a) This partis generally well done although there aeke some carelessnesshincormplete understanding,

raisepresenting D ={on,—2] wheridt should have bhee D, =(-2,0],

(b} bout half ohiained the corrert answwer, yee ognizite ™™ (x) m rand s f*™ (1) m1. The other part
simply assure £4% (T)= 2 g fé:l:' L L de ronstrating no understanding of part (a) to (b)), Students
ate ahvised to see fhie ' agde fined 100(&) is the sarae as the given fanction £ in ate pting to show
this part.

() Thete was agizniticant proporion ofstudents who could not recall the condiion for composite
function o e xist, this knowdedge 18 verypranch needed. In cases where condition 15 correctly stated,

the re were inistances of not stating B conectly: There was varied degree of success in finding B,
sore approached it by finding foand sketching the graph accordingly, in such cases, they generally
rrassed the Ha, Chbersmised the fmapping appeoach and, i this case, some made the error of wiiting
the Ep =[3%-2) when it should have been B =[-45].

(d) Wared response to this part, for those who approached the guestion via a sketch of f{2) and g(x), the v
generall v were more successinl. & sketch wonld have been a good starting point as at intersechon,
g(x)=x+1 . Students could then move on to find the exact roots, then the region of f(x])> g(x)

via the sketch. In cases where students atterapted the test point method, the splitting of

|x| S SN I i Sl pootly understood. Llso, there were many cross
e e

rltiplication whe n atterapting to sobe x < 5_; = x(x+2) < 5-x . Thisisincorrect when there
X+

was no explanation to say x> — 2. Even in cases where no cross rmultiplication was done, the cntical
points in sobdng the megualite s were wrongly identified. Finally, the solution set is the intersection
of both inegualities, which was also often not done
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3 | 1tis giventhat f(x)=6ke+x", wherek > 0.

y=x" -9,

(a) | Sketch the graph of y = f(x), indicating clearly the coordinates of the points where
the curve crosses the axes and of the turning points, if any. [2]
(b) | Describe the transformation that maps the graph of v = f(x) onto the graph of

2]

It is given that

2
o <
g(x)={6k>c+x for -3k <x<k wherasi®a

7% for k <x <2k

and that g(x) = g(x+ Sk) for all real values of x.

(€) | Sketch the graph of y = g(x) for -3k <x <5k, [4]
d 1
@ Sketch the graph of y = for -3k <x<2k. [3]
g(x)
Solution:

() f(x) = 6kx+ x* = x(6k +x) = (x+3k ) —9k*

J

(D) f(x) = 6o’ = (XH3k)— 9k

Comparing with ¥ = X —9k* , the transformation is a translation of 3% units in the positive x-axis direction.

f(x) 3kZ2x<k
© &= {71{2 k<x<2k
Je (w)
(2,
) (6¥/0)
- Ax) oyt
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(d)

[’H@

?h‘lq_p)

e

Examiner’s Report:

{a) Thiz part1s quite well done. The common mistakes are that students tendto substitute X with a
number say, 1 so that they can use GC to sketch the graphbut Torgot to replace by & when they label
the features of the graph, thus not getting full credit.

{t) This partis pootly done as students could not see that thew need to complete the square so that they
can compare the two expressions to see the transformation neede d Students who started with
y=x =0k = (x =30 (x +3&) are also equélly sutcessiul to 1dentify the transformation. Another
common mistake made by students who did net pay attention to the use of precise descripti on of
transformation include using words like “ shift tothe right” instead of translatisn-of 3k units in the
positive X-axis direction.

(o) About 20% of students could dothispart. Comimoti mistakes include notlabelling the start and
endpoints in coordinates clearly, not indicating open and'elose circles cleatly and not paying
attention to the domain requiredrdinother comm on mistake iz to misread 7% as 7%,

{d) Another poorly done part since it rel ates fo part @9 mte’a number of students assume that the
domain of part (d) 15'the same as that of part © Students needto readiguestions carefully.
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4 1 2 0
The plane p has equation r={3 |+5(0 |+ 1 |, and the line [ has the eguation
4 1 -1
1 1
r=|1 [+i| 2 |, where %, s and § are parameters.
4 2
(a) | Show that [1z perpendicnlar to p and find the coordinates of the point where [and p
intersect. [5]
The line m meets {at the point A(1,1,3) and it meets p at the point B{L3,4).
(M) | The Lne n is the reflection of m in p. Show that a%ector equation of » i
1 -
r=|3[+u 2|, el .
4 2
[]
() | Find the acute anzle between n and p. [
) | Hence ot otherwise, find the areabounded bapthe lines!, mandn. 2]
Solution:
2 1] -1
(a) 01 [= 2
1 -1 2

Since divectionof 7 = noprmal of p, Pz perpendicul arto po

LetF be the point af intersec tion bebareen [ and p.

p:r=| 2 |ms 2 =13
2] L4 ]z
Since Flies ond oFm| 1|4+4] 2 [rsome 2
3 2
At
Since Flissonp, OF - [*2 =13

2
1 =1 =1
1+1] 2 -] 2 |=l13
3 2 2
T4Fim]3
e
3

1 2713
Hence e
5 3’3’3]
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th)  Letthe reflection of Abe A7
Using mid-point theorern, OF = 22124
A - 20F = 04

1 %
3
7
-EIE =11
sl
=Y
i"'-l"ﬁ
3
.fu
3
E
L3
o
3 4
Fl'm % =3 -%[ 2
n |\ 5
e
il
Hence, m:rm| 5 4pu) 2 |, peE
4 5
-0
& 2
5
C Aomsin™ T
o B
m] Il rad or 654
5|1
(d) |5u1-§ 2
5
1
-E‘JE
=f5
Hence area -[%}ﬁrsm(le.lﬂ?lﬂlﬂ?m]

-7
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Alternatively,
Area
i% i
=\ 5 JAi[Er
2
1N 1Y
21 3 . 3 A
ﬂ / E /
8 7 &

Il
[\

Examiner’s Report:

(a) Students performed well for this part.

(b)  About half of the students know to apply midpoint theoreni in order to find the reflection of 4 about p.
However, a significant number made mistakes such as:
- using point B as the midpoint of 4 and 47, when the correct point should be'F:
- for students who used B as referénce point instead of origin O, they formed the equation

. Bi+BA Bd+ BA

FB when it should be BE =

~1\(-4
2 o 2
2 5

(¢) Majority of students got thi$ part correct. Most common mistake isusing cos™ W , Without

realizing this is acute angle betweendine and normal of plane; not the plane itself.
(d) Students who attempted this part generally did swell.
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S | Andrea participates in a game show. In each round of the game, Andrea responds to a series
of questions until she answers a question wrongly or she has answered five questions
correctly. She is awarded one point for every correct answer and is awarded an additional 3
bonus points if she answers all five questions correctly. It is given that she answers each

question independently and the probability she answers each question correctly is ?

16
2%

(a) | Show that the probability that Andrea obtains 2 points in one round of the game is

game.

(b) | Find the probability distribution of the points that Andrea obtains in one round of the

2]

game.

(¢) | Find the expectation and variance of the points that Andrea obtains.in‘one round of the

2]

(d) | Find the probability that Andrea obtains less than 3'points after two rounds of the game. | [3]

Solution:

5 (a) Probability that Andrea obtains 2 points in a round of the game

X

16

125

(b)  Let X be the random variable denoting the numberof points obtained in a round.

1

3

4

8

P(X =x)

|~ | O

1

5

Jz

i

)

1024

3125

(c) Method 1
Using G.C4
Expectation =3.67232 (exact)

Variance =3.22334°
=104 (3s.1)

)
I

Method 2

E(X)=O(

E(Xl):o{

=23.87584

64

1024
8

625
|
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64

3125

625
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(d)

11

Var(X)=E(x*)-[E(X)]
= 23.87584—(3.67232)
=10.4 (to3s.f)

Probability that Andrea obtains less than 3 points after two rounds

=P{X 4%, 23)

=P(X,+X,=0)+P(X +X,=1)+P(X +X,=2)

=Pl X, = OruXp=lis. 000K cUmXp=1 )+ T = dirn X, 2P, = L= 1)

1 1Y 4 1Y( 16 4 Y
== +2|= || —=[+2{= || — |T| —
5 5\ 25 5\ 125 25
113
=—— or 0.1808 (exact)
625

Examiner’s Report:

5

(@)

(b)
©

)

This part was well attempted. Some students did net understand the problem-and this affected
part (b).

This part was well attempted. The common mistake was to emit the outcome of 0.

Even though the students who did not get the complete probability distribution in part (b), they
were often able to obtain full credit in this part as the outcome () did not atfect the expectation
and variance.

Calculation errors were often seen, for example, some students transferred the values wrongly
from part.(b) to part (c), or some students pressed.the caleulator wrongly.

Some studentsstill did not understand that they weré.not expected to round off an exact answer
(a decimal that terminates or reeurs, i.e;a value-that can be expressed as a ratio of 2 integers
(or in'other words, a fraction)).

Thig part was not well.done.

Some students did not know how to start the question. Some students even brought in the
binomial ornermal digtribution which were both not suitable in the context.

Some students listed cases for only two points. No credit was given in this case as it could not
be inferred these students interpreted the question correctly (when the number of points
obtained for 2 rounds is less than three points).

There were some students who tried to order the two identical outcomes e.g. 0 and 0 or 1 and
1. The two outcomes (e.g. 0 and 0) are indistinguishable from each other. Hence there is no
need to multiply by two.
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6 | An investigation on the number of hours, £, spent on mobile games per day, of 5 students and
the marks, m, they obtained in an examination out of 100 marks was carried out.

t

1.1

2.2

3.4

3.8

4.2

m

72

62

54

48

42

(@) | Sketch a scatter diagram of the data. [1]

(b) | Use your calculator to find the least squares regression line of # on m, and state the
product moment correlation coefficient between f and m.

(¢) | Use the equation of the regression line found in part (b) to estimate the number of
hours spent on playing mobile games per day if a student obtains 30 marks. Explain
whether you would expect this value to be reliable. [2]

@) Without any further calculations, explain if the produet moment correlation between ¢

and % would be different from the value obtained inspart (b).

[1]

Solution:

(@)

NORMAL FLOAT AUTO REAL RADIAN MP n MORHAL FLOAT AUTO REAL RADIAN HP n

A t A

a(1.1,72)

a3 42
a

t

0 (42, 4.2)

(72, L1)

[
L
n

or

(b) Equation of regression line of t onn is t=<0.107m+8.88.
= —0.990 (3s.£)

(¢) When m=30, estimated time spent =—0.10684(30)+8.8805 = 5.68 hours (3 s.f)

As m=30 lies outside the data range 42<m <72, extrapolation is carried out for estimation.
Therefore, the estimate might be unreliable.

() There is no change in the product moment correlation coefficient as it is independent of the scale of
measurement.
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Examiner’s Report:

6

(@

(b)

(©

(d)

This part was generally well done. Students could sketch either #1 against ¢ or t against m. There
were no clear independent and dependent variables here.

Some common mistakes:
e Failed to label axes
e Failed to label the minimum and maximum values of t and m
e The relative positions of the data points were wrong (e.g. some points were colinear
when they were not)
e Wrong number of data points

Students generally were able to find the correlation coefficient. There was a small percentage

of students who found |r , not ritself. There was also a small percentage of students who used

the formula to find » — this method took a longer time.

A significant percentage of students were not ableto find the equation of the regression line of
t on m (in other words, to find an equation of the form ¢t = Am+ B).

A small percentage of students found the equation of the regression line of s on f and made #
the subject. This equation is not the same the equation of the regression/line of # on m.

For students who had obtained the wrong equation in part (b), they lost the mark for finding 7.

For the part on reliability..a small percentage. of students used the term ‘reliability’
interchangeably with the term “accuracy’. Thesé two are notyequivalent.

Common mistakes:
e Some students wergmnot clear about the extrapolation process.
o Some students said thatthe valuie'of m was extrapolated.
o Some students said that the estimate - was outside the data range of .
o Some students thought that the(estimated value would be reliable as long as the
correlation coefficient was clogeto one;
e Some students were not precise with their language, for example, the value is not
reliable ag it (refers to f-value, notim-value) is not within the data range 42<m <72.

This part was well attempted. A small percentage of students failed to provide a reason

(explain) for their answer — they simply stated no.

# is independent of any linear transformation (i.e. translation and scaling). The strength and
direction of the linear relationship between J and m is not affected by these linear
transformations. The degree of scatter remains unchanged.

Common mistakes:
e The residuals were a constant.
e The equation of the regression line remained unchanged.
e The gradient of the regression line remained unchanged.
e Only the gradient of the regression line changed.
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T | &ranisa telernarketer working in a large city. Eachday, he speaks fo 50 potential customers
and on average, he successfully makes a sale &% of the fime. The muober of successful
sales each dav is denoted by the randorm wariable T
(a) | Stfate, in context, two assmunphons needed for T to be well modelled by a binormial
distrihution. [
Lzaurne now that Thas a binomial distribution.
(h) | Find the probabilitythat Arvan makes at least 5 succe ssful sales on a randoralyehosen
day [2]
(c) | Aran recerves a bomus 1f he makes at least 5 successful sales a day. Find the
probability that he receives abonus on 2 days out of a randorelyehosen S-day work
week. []
Lran 1z part of a teara of 100 siolar tele marketers.
(d) | Estimate the probability thaton a randomly chose nedas, the tearn maakes more than
3.5 succe sstiul sales on average. (3]
Solution:
(a)  The probabality of successfully making a sale 15 cohgtant at 0.06 forese ryoastomer.
The saccess of making a sale sath one custoneris ndependent of the next custorner.
¢y  T~B(30,006)
F(res)=1-Are4j
m[] ]
(c) Let Xbe the randors variable denoting the rrrber of days Lian recelves a borus, outof 5.
X~ B(5017940)
PlE w2 il 72
(d) E[T)= 50006

=3

Var(T)= 50x0 0éx= (1 - 0.06)
=222
282

Singe » =100 is sufficiently larze, by Central Limit Thearern, T ~ H(lﬁ]appmximately.

P(TT}E.E]:EI.CIDME
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Examiner's Eepori:
(a) Exarples of wrong assurnptions pertain rostly to mde pendence (proble raatic parts ave unde rhine d):

+  “The probability that a sales atterapt 15 successfil is mde pendent of other sales atternpts ™
Frobletn: Exvents canbe mde pendent of each other but not probabilities.

+  “The nureber of mecessful sales each davyis inde pendent of other days™
Frobler: It 15 not about the number of successful sales buta sale being succe sstul that
matters.

+  “Whether a sales atternpt 15 successful on one dayis indepe ndent of other days.
Problern: The idea of inde perdence pertains to customers, not days per se.

+  “hran’s sales atterapt with a customer 1s eithe r successtil or unsucee ssful ™
Froblern: Even if we were to assurne that a follow-up call mighthe made atter the first call it
does not change the fact that the firet call raust shll have ended eather with a successful sale
or without a successful sale.

Conce phaally dublons assurmptions (bt marks not deducted out of leroeriess) Eimdl v laghlight to
students to avold such phrasing.
+  “The success of making a sale with one custoraes 15 dnde pendent of the success of making a
sale with other custormers ™ The corect version should ke *Thessiceess of makinsa sale
with one custoraer 1z inde pendert ofigfhereustomers ™

+  “The probability of succe sstully making a sale is equal for every customet™ . The word
‘erual’ does not necessanily rmean ‘constart’, The comectwersion should be, “The probabilitsy
of succe ssfull v malking agaleds copefant for every customer.”™

(b} This part was well done . Among thesnall number of ther who got itarong, almost all of them
mistook binomedf to be applicable for P (T < £ atherthan P (T54).

() This part was also oquite well done  THis noteworthyr that a sizeable nutnber of stadents correctlsy
sobved it like atypical probablity question e.g[;}ﬂ.l?gﬂmf{l = 17940 }J without making an
explicit reference o binomial pdf concept. Unfornatel v, gquite a noreber of them forgot to include

()

(d) This question was not done well Only about 1510ef the cohort got it nght. Ilany students sobeed
thas question wathent using the 1dea of approxinaton (e, without using Central Limit Theorem).
Below1s the ervdne ons answer.

Let Tdenote the naraber of successful sales made ina day by a randoraly chosen telemarketer.
I~ B(50,0.06}
L+l 40 4. T, ~ B(5000,006)
= e I i R
P[J":-E.S]-P[w}ﬁ]
= AT +L 41 +..T,, »350)
m1=F{T 41,47, +.T,,,$350)
m 00163 (3 .6)

Emdly laghlight to stode nts that the abosee me thod would hase been right if the question had asked for exact
answers. Infortunately, it 15 wrong in the context of thas question because the mstmction was clearly to
“estitnate” the probability.
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8 | & glant panda’s daily diet consists altost enhiely of leaves, stems and shoots of sanons
baraboo species. & panda foundation clams that giant pandas consurne on average at most
25 kg of bamboo every day to meet their enersy needs. & randorm sarple of 40 pandas 1=
taken and the mass, » kilogmms, of bamboo consumed per day by this group of pandas 1=
surnrnarized below.

T lx—25)=804, T (x-25)"=18935

(a) | Caleulate the urbiased estimates of the population mean and vanance for the mass of ]
barnboo consumed pet day by pandas.

th) | State the hypotheses that canbe used to test whether the panda foundation’s clam 1s
valid. By finding the p-walue, carry outthe test at 2% level of @graficance, giving wour
cone lusion in the context of the queshon. [

(c) State, in context, the meaming of the p-walue found 1 patt (b, [1]

Lnother randorn saraple of » pandas 1z s lected by zookeepe 1ein & certaln country and the sarmple
roean was found fo be 269 ke per day. & test was carmedontat 2% level af @gnificance.

(d) | Byusing the unbiased estimate of the population watiance found i (a), fnd the least
posable value of nsuch that this new sample ackdeses a chfterent conelusion from that
i (h). []

Solution:

(a) unbiased eshimate of the populahonwean of X

=—Z‘|:I_Ejj+25
A0

20.4
=2 425
0

=27 0l {exact

urbiased estivnate of the popalation wEnance of £

{Z(x—zjf |2 () I ':"‘_Ejﬂl}

|

&

=1 40

2
|:185'35—EI:| 5 i|

2. d
3%
=44 40875 a8 =444 (3s1)
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(h) Let Fbe the random srariable denohing the mass (in kg) of bamboo consumed per davybyra panda.
H,: =25
H e 25

Under H, | since » =40 is sufficiently larze, by Central Lirit Theorera,
xX- H[E S ] approximately.

=1.9076 (5af)

pvalne = 0025219 (5 s £ =0.02582 (3 s 1)
Since p-value = 00282 = 002, we do not reject Hp and conclude that e have imsufficient evidence at 2%
sigraficance lewel that the mean mass (in kg) of barboo consared perday by & panda 15 more than 25 ke,

(c)
The probability of gethng a saraple of 40 glant pandas whose reean mass ofbatdboo consumed per dav is
rnore than or ecual to 27.01 ke when the populabon e anis 25 kade 002820

H,: =45
d 1}
@ H,:u=25

Under H, , since n iz sufficiently lagge, by Central Tivait Theorern,

44 405

f

x- N[E i J approxitmately.

_269-25

o s
M

Different conclusion from (o ysoase rejeetHy.

L T
256925
F-’-l-’-l.-’-l’.‘lﬂ
Iy
n=51.883 (5:2f)

nE 52 since ne ZF
Least possible walue of n 15 52

=20537 L2 sf)
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Alternative method
36.9 -25

m:_* 20537 (521
LI
Using GO,
n gy 20825
= a4 408
i
5l 20361 = 20537
52 20560 = 20537
53 207571 = 20531
Least posable walue of n 15 52

Examiner's Eepori:
Generally not wel-atte rapted.

{2y Ivlost students could ondy do fhas part uang the correct forroula although a fewr had poor notations and
rounded off the sarmgple mean o 3 sf whendt 17'ah exact walne for this gquestion, Sorne stodents only foand

_95 -25%
% =201, or misinterpreted the medntabe 25 and nsed %

(b Ivlarey did not state the correet hypothesisand nsed'a d-tailed testoSomme students also did not state the
distribution of X under Ha conectlsy; andior calculated the pvalngwronzly with their GC. & rorober of
students were confused wath the conc lnsionand nade the folloaing ruastakes:

+«  Smee p=002, we rejectHy (we shoudd only reject Ho whenp=0.02).

+  Smee p=002, we donot weject Hy and conclude that the. foundation’s claim 1z walid at 2% lewel of
sigraficance (the foundafion’s elawnds stated inHy for thas question which 15 rejected based on the p-
value, and we shoildonl v state Hpin our conclusionie. mean mass of bamboo consarmed per dayby
a panda 18 more than 25 keor that the foundaton’s claim 15 oeealid).

(o) Omly a few studentssrereable to define the p-walue correctly. Dlaroy wrote the defiration for the level of
sigraficance. Also accepted a fetw shadents who wrote: povalue 15 the soallest level of sisraficance at which
Hy 15 rejected under the asswinption that Hy 15 true where Ho clatrns that the popualation mean mass1s 25 kg,

() Ivlarked this part based on their response to part (b) and did not penalize ther hypothesis staternents and

distribution of T under Hy again. Some students wrote the comrect mequalitybut did not solve it correctly
to state the leastwalue of n. Some students also mismterpreted the question and used a different paw ot Ha

and Hy instead of using a different conclusion from the v part (b))
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9 | A student takes the bus to school every moming. During peak hours, the traffic is either
moderate or heavy. The time taken, in minutes, for a randomly chosen bus journey through
moderate or heavy traffic follow independent normal distributions with means and standard
deviations as shown in the table.

Mean Standard deviation
Moderate Traffic 14 o
Heavy Traffic 27 2.5

(a) | Given that 20% of the student’s bus journeys through moderate traffic exceed 15

minutes, show that & =1.19 correct to 3 significant figures. [2]

(b) | The probability of a randomly chosen bus journey through heavy traffic taking more
than @ minutes is larger than 0.9. Find the range of values of a. 2]

(¢) | The student is late for school if his bus journey takes more than 32 minutes, assuming
he leaves home at the same time as usual. He gets/a demerit point if he is late on any
two consecutive mornings. For three consecutive mornings, the student’s ‘bus
journeys encountered heavy traffic.

Find the probability that he gets a demerit point. 3]
(d) | Find the probability that the time taken for two randomly chosen-bus journeys
through moderate traffic differs by less than 0.5 minutes. 2]

(e¢) | Find the probability that the total time taken for twe randomly-chosen busjourneys
through heavy traffic is greater than four times the time taken for a randemly chosen
bus journey through moderate traffic. 3]

Solution:

(a)
Let M and // be random variables denoting the time taken; in minutes, of a randomly chosen bus journey
during moderate and heavy traffic respectively.

o M = N(14, 0'2)
P(M >15)=0.2 0.2
P(Z > 15_14)=0.2
/ [y
=14 _ 654162
(e))

o=1.1882=1.19 (3 s.[.) (Shown)
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Method 2

Using GC graph,

lower:15
upper:10°99
u:l4d

c: Xl

Paste

1:value
2:zero
3iminimum

4 maximum
[EHintersect
6:durdx

725 (x)dx

WORHAL FLOAT DEC REAL RADIAN HFP )

20

MORHMAL FLOAT DEC REAL RADIAN HF ﬂ

Flotl Flotz Flots

E\Y1Bnormalcdf(15,10%, 14,2
E\Y2E0.20

ENY 3=

ENY4=

ENYs=

INYs=

ENY 7=

INYe=

CALC INTERSECT
¥Y2=0,28

Y=8.2

HORHAL FLOAT DEC REAL RADIAN AP M|

HORHA. FLOAT DEC REAL RADIAN HP D

HIMCOW

Amin=-10@

Xmax=10

Ascl=1

¥min=-0.5

Ymax=0.5

Y¥scl=1

Xres=1
aX=0,875757575757576
TraceSter=0.151515151515..

The point of intersection is (1.

1881832, 0.2)

Hence, ¢=1.1882=1.19 (3 5.£.) (Shown)

(b)
H~N(27, 2.5%)

P(H >a) =09

Let P(H »a)=0.9
From GC, a=23.796
Since P(H »a)>0.9

0<a<23.79%
S 0<a<23.7(381L)

Note: P(H >23.7) = 0.90658

Avida

a=23796 27
=

P(H =23.8)=0.89973]

Method 2
H~N(27, 2.5%)
P(H >a) »0.9

a_27J>0.9

a=27 . 128155

P(Z>

0 <a <23.796
L0<a<237(3sf)

17
A n A J FE TNl
\AAAAAN KIAS]

Y RVYY, (\«-,c.,a o

=
| A

- I
=2 Yk
(=}

il
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Method 3
Using GC, sketch the graph y =P(H >a)-0.9
Then look for region > 0

mn:m-u. FLOAT DEC REAL RADIAN MP ] e n :?5;‘;&{%‘}"&;’5“"IE‘:”-“:E‘?:%’:‘;‘:'I ﬂ
O R et gt [P DO
Llower:¥X nv187f(X. 10",27,2.5)-0, 98| | Xmin="1
uPPer: 10799 ;(ma’f‘ga
u:27 1-|---u:1n-1nnl-.------nnn-l-.------lnunn—l sc -
0:2.5 e Ymin=-0.1
Paste ar Ymax=0. 1
::3‘: Yscl=1
-'\\’s: Xres=1
i“, ‘; aX=0,11742424242424
? TraceSter=0.234848484848...

HORMAL FLOAT DEC REAL RADIAN HP n HIIRHRL FLOAT DEC REAL RADIAN MP '
CALC ZERD

Ya=normalcdf(x,10°99,27,2.5)~8.9
1:value
FHzero
2:minimum
4:maximum
S:intersect
6 dursdx

70 F(x)dx

9612 Y50

S0<a<237 (351

(©)

P(student gets a demerit point)

=P(consecutive bus journeys take more than32 minutes for 3'days)

=P(1st day not late, 2nd day late, 3 day late)

+ P(1st day late, 2nd day late; 3% day not late)

+ P(all 3 days late)

=P(H <32, H>32, H>32) +P(H =32, H> 32, H<32) " P(H>32, H=32, H>32)

= P(H <32)[P(# >32)] + [B(H >32) | P(H <32) H[P(H 32) ]
= (0.97725)(0.022750)° x 2 #{0.022750)’

=0.0010234 »,
=~ 0.00102 (3 s.L)

Alternative Method

P(student gets a demerit point)

=P(consecutive bus journeystake mote than 32 minutes for 3 days)
=P(1st day not late, 2nd day late, 3*'day late)

+ P(1st day late, 2nd day late)

=P(H=<32,H>32, H>32)+P(H=>32 H>32)

=P(H <32)x[P(H >32) | +[P(H>32) ]
~0.00102 (3 5.£)
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()
B -~ (14-14 119 +1.197)
M,-M_~ N0, 28322)

P(|M, - i, |<0.5)
=P (-05<M,-M,<05)

=0.233681
=0.234 (3 s1)

OR
M, - M, ~ [14-14,1 1882° +1 18827 )

M, - M, ~ N(0, 28236)
P (|4, - b, | <0.5)
—P{-05<M -M,<05)
=0233%

0234 (3s£)

(e)
H,+ H, — 4 ~ M [2x 27 -4x14 2@ 594 x118° ]

H, +H, —4M ~ N(-2, 35.1576)

FIH +H, =4M)
P(H, +H, -4} = 0]

36794
S6a (38 f)

o
o

oo

R

H,+H, —4M ~ [ 2 27414, 292 5+ 471 18527)
H, +H, - 4M ~ HM{-2435.080)

P(H +H, >4M)
=P(H +H, -4M >0)

=[.36752
=O365(3s1)

Examiner's Repori:

(a)

This part was generally well-done except for those who did not study fhas topic.

Students using 5T to get the answer rust showr the worlang or at least first gove the walue to 5 £ since thas
15 a “show™ gquestion.
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(h)

This part is not well-done.

Iulain problerms:

- st did not sketch the bell-shaped graph and blindly zave the answer as g > 237

- tost did not congder the context of the guestion and left out the lower bound zero

- most forgot that retlorm can be used tor other distibubions besides (0,17 and hence used the longer
standardiza tion rmethod

- sorme used the G table method withoot considering that @ may notbe an mteger and henee did not change
the stepesize to 2 d.p. and gawve an integer answeer. 5 tudents should have taken the cue frorn the warance that
rritntes m fhas context are not integer values.

(o)

This part was not well-done as stadents did not thindk clearl s about the posaible pases,

Ilain problems:

- sore used Binormial Distnbmbon B(3, prob of late) without considering that theease I L7 L does not result
I a dernerit point.

- some careless mistakes in wnhing the prob of be g late a2 D237 S dnstead 6f 0002275

- sore consldered the prob of teo consecutrve late dagsas PUA=3E) + PUE=EE) instead of tnulbhply

(d)
Ilost students conld do fhas part:
Ilain problems:
- thd not understand the question clearlyrand did not consider tnodulus of the differehce mvanables
- made careless mistakes byisitg. | 1282 instead of 1| 18228 when caloulating the new wariance
- a stnall minority added instead of subtract the randora vanable s
- a stnall mmority did et koo haow to break the: modulus and wrote 1tas
P(|bf, - 3f,| < 0.8 =P (M~ 0, < 0.5 +F (M, - I, < —0.5) or & variation of this.
otudent should drawr 2 nurnbet line to heljp the tnsebre spamalize fhas.
- thid not do'their werking 4o 5 s f although this 1 hot penalized

)

Llost students conld dodtas part Iviost wer comect in caloulating the new mean but the new varance had
the nmal vanety of errors.

Iain problems:

- sorne wrote 2H1nstead of H+H, leading in errors in calculating the new vanance

- careless i writing the vanance as standard deviation without the square
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10 |(a) |In acertam unrversity, there are 110 Co-Camcular Actraties (CC A=) clustered 1nto
4 categories. There are 22 Arts and Culhare CChs, 16 Cormrmnity Service CChAs, 38
Ph}rslcal Sp:urts CChg and 34 Special Interest CCAs.

) Alhert wighes to find out about approaches to training of the Phj.i‘SIEELl Sp:uxts
CChs, 0 he sends a queshonnaire to 22 Physical Sports CCAs Explain
whether these 22 Physical 5ports CCAs form a sample ora p::pulatnn [1]
(i) | Benedict wishes o wrveshzate the level of student engagement in Clks, but
does not want to obtain the detailed irdonnation nece ssary from all 110 CCAs,
Explain how he should carry ont has invveshgatior, and whay he should do the

veshgation i this way. [
(i) | Find the norber of different possible samples of 16 Gl bs, wath 4 CCAs
chosen from each category. P

(h) | The probability of events 4, B and Cocourring are givest bay By ﬂj=§j F{B}= 1?:'1:'

e 11 13
and P(C)= = respec itvely. It is also known that PI:J‘iﬁC:I=ﬁ, FiBE|C)= e atd
7
PlAnBnC)1=—
R T
@ | Find P(BnC), 2]
() [ Ifevents A and Bare independent, find Eldm& ). [
(i1 If'eventsﬂamdﬁarenntknu:uu-‘ntu:uheilld&}:endﬂntf-indﬂmgreatestandleast
possile valugs.of P(ASEA ). [4]

Solution:
{a1) These 22 CChs formrasample since this munber is less than the population size of Physical Sports CCLs
which 15 35,

{211y Benedict should select a papdord sapaple frorthe 110 CCAs: every CCA has an ecual probabilitsy to be
selected to be in the sample and the ©CAS are selected independently. (If define without stating
“ranicdorn”, need 2 il poinds.)

& randorn saraple helps tofavoid Hias.

(aifl) Mummber of sarples = T O x G % ¥,
= 45108 (3 o)

(hil [Ell::“j—%
P(EC) 13

F(C)  a3s
PIENC)_13
73

2
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P(an3=%

(bil) P[dn B)=F 4]=F(E)
BBl
R T
_lz
625

F{dr B ()
27
625 100
_ 313
2500
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(biii)
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Let P(AmBmC'):x where 0<x=1...(1)

Then

P(AnB'nC')
8 11

=

100

P(A'nB~C)
61 13

=

12

=~

P(4@BC)

=P(C) + R B " CY+ P( 4 B C" )+ P{AN B ()

7 [21 } [12 }
= | ——— AP |

20 L100 25

26

=——x

25

Consider the probabilities P(AHB'NC'), P(A'OBFNC') and P(AuBuC),

21 12 26
0<—-—x<1 and 0—-x<1 and 0£—-x<1
100 25 25
e N B2 5 L N
100 100 25 25 23 25

1 2
Taking intersection of mmequalities (1) to (4), —<x £ —
g q (1)to (4) T TG

- n_ 1 L2
min P(4nBAC')=— andmax P(4NB~C')=—
25 100

) o www. KiasuExamPaper.com
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Examiner's Eepori:

fayi1) Wbst students were dhle to see that the 22 CCAs form a saraple . Howesver, there were quite a handtul
who were not able to state clearly the reason for that. Sore compared to the total roreber of 110 CC As.
Sorne were vague and just sad CCAs. Soree did not even give an explanation.

(agiin) This part was qute poorly done. Ilany students tied o explain in detai] how random saropling conld
be carmed outbut did not state clearly that the saraple should be selected randoraly. Those who did not state
“randorn” but used “eoual probab ity and “inde pendent™ nsuall v rossed ont on 1 of the definations.
& lot of stade nts did not mention “avwoid bias” or tied to explain about hiasness but was incomplete .

(ayiii) Mlost students were dhle to 1dentifiyr the need to use B B e B However, rnany changed

frora rulbplication to addibion probabls becanse they found the answer tabe too big and thought 1t raght
nothe possible. There were somme students who used |, not unde standingthe fact that there is no need for
arrangernent in this gquestion.
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